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Summary

Emergency maneuvers on highways present one of the most complex challenges for
automated driving. High speeds pushing the vehicle towards nonlinear regimes, coupled
with the necessity of swift decision making, complicates the collision avoidance problem
to the extent that even expert human drivers may struggle to safely avoid collisions.

Lack of su�cient and reliable data limits applicability of model-free and data-driven con-
trol approaches in hazardous scenarios, opening the door to model-based and optimization-
based control approaches. However, the unknown behavior of other road users, the sensi-
tivity of the handling limits (e.g., tire saturation) to road conditions, and the ampli�cation
of minor steering adjustments on the lateral trajectory due to high speed necessitate the
incorporation of nonlinear models in the design. Such nonlinearities should be balanced
with the increased complexity and the need for swift responses to hazard.

This thesis addresses the critical challenge of controlling evasive emergency maneuvers
for automated driving on highways. As the complexity of the collision avoidance problem
arises from its intrinsic connection to safety de�nitions and the need for computational
e�ciency, we investigate proactive solutions in the sense of computationally rapid and max-
imally safe responses, while avoiding unnecessary conservatism. This thesis is structured
into two main parts.

In Part I, hybridization – i.e. approximation of nonlinear functions using hybrid systems
formalism – is explored as a means to improve the computational e�ciency. Chapter 2 in-
troduces a novel PWA approximation technique utilizing parametric cut-based partitioning
of domains, extending the applicability of the state-of-the-art methods to multi-dimensional
systems. Chapter 3 introduces a more generalized PWA approximation method employing a
hinging hyperplane formulation, o�ering greater �exibility compared to the 2-dimensional
plane-based cutting strategy in domain partitioning. As a result, the generalized cut-based
approach is able to obtain simpler PWA approximations of nonlinearities in comparison
with the parametric cut-based approach for the same desired approximation error. In Chap-
ter 4, we introduce H4MPC, a MATLAB-based open-source toolbox for hybridization of
nonlinear control problems in automated driving, and in Chapter 5, the sensitivity of PWA
approximation of nonlinear optimization problems with polytopic constraints is analyzed.
This analysis can be used in two ways: �nding the con�dence radius, i.e. a bound on the
distance between the approximated and original minima, for a given approximation error,
as well as obtaining a required bound on the approximation error for a desired con�dence
radius.

Part II investigates the problem of proactive collision avoidance in emergency scenar-
ios. Following the results of Part I, we de�ne and provide a hybridization benchmark for
nonlinear Model Predictive Control (MPC) in Chapter 6. Next, we extensively investigate
di�erent hybridization formulations for hybrid approximation of nonlinear models using
the computationally tractable Max-Min-Plus-Scaling (MMPS) systems formalism, as well
as nonlinear inequality constraints such as vehicle stability and time saturation limits. In
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Chapter 7, this hybridization framework is assessed in a vehicle control benchmark in vari-
ous driving scenarios such as friction uncertainty, showcasing the e�cacy of hybridization
in enhancing the computational speed, as well as improving the search across the decision
space for the globally optimal solution. Chapter 8 addresses the challenge of real-time
collision avoidance on a vehicle with limited computational resources after the sudden
appearance of a static obstacle. More speci�cally, we propose an integrated approach to
motion planning that combines e�cient feed-forward planning signals to mitigate the
feasibility issues of MPC. Finally in Chapter 9, we extend our focus to proactive collision
avoidance in dynamic environments using a hybrid stochastic MPC framework for motion
planning, validated through rigorous simulations with a high-�delity vehicle model in IPG
CarMaker.

In summary, by developing novel hybridization strategies, comprehensive analytical
and numerical investigations, and introducing assessment benchmarks, this thesis tackles
the challenges of controlling evasive maneuvers in hazardous scenarios. The newly devel-
oped methods throughout this thesis are validated using extensive cases studies and the
e�ectiveness of hybridization in proactive response to danger is demonstrated through
high-�delity simulations as well as real-world experiments. Our recommendations for
future work include enhancing robustness, more generalized and extensive sensitivity
analysis, and improving the interpretability of control solutions to mimic human behavior,
aiding in the acceptance of automated driving.
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Samenvatting

Noodmanoeuvres op snelwegen vormen een van de meest complexe uitdagingen voor
geautomatiseerd rijden. Hoge snelheden, die het voertuig naar niet-lineaire regimes duwen,
gecombineerd met de noodzaak van snelle besluitvorming, bemoeilijken het probleem van
botsingvermijding zodanig dat zelfs ervaren menselijke bestuurders moeite kunnen hebben
om op een veilige manier botsingen te vermijden.

Een gebrek aan voldoende betrouwbare gegevens beperkt de toepasbaarheid van model-
vrije en datagestuurde regelmethoden in gevaarlijke scenarios, waardoor er een duidelijke
nood is aan modelgebaseerde en optimalisatiegebaseerde regelmethoden. Het onbekende
gedrag van andere weggebruikers, de gevoeligheid van de voertuiglimieten (bijvoorbeeld
bandensaturatie) voor wegomstandigheden, en de versterking van kleine stuurcorrecties op
de laterale trajectorie door de hoge snelheid, vereisen echter de opname van niet-lineaire
modellen in het ontwerp. Dergelijke niet-lineariteiten moeten in balans worden gebracht
met de toenemend complexiteit en de behoefte aan snelle reacties op gevaar.

Dit proefschrift behandelt de kritische uitdaging van het controleren van ontwijkende
noodmanoeuvres voor geautomatiseerd rijden op snelwegen. Omdat de complexiteit van
het botsingvermijdingsprobleem voortkomt uit het intrinsieke verband met veiligheids-
de�nities en de noodzaak van computationele e�ciëntie, onderzoeken we proactieve
oplossingen in de zin van computationeel snelle en maximaal veilige reacties, terwijl
onnodige conservativiteit wordt vermeden. Dit proefschrift is gestructureerd in twee
hoofdonderdelen.

In Deel I wordt hybridisatie – dat wil zeggen de benadering van niet-lineaire functies met
behulp van hybride systeemformalismen – verkend als een middel om de computationele
e�ciëntie te verbeteren. Hoofdstuk 2 introduceert een nieuwe PWA-benaderingstechniek
die gebruik maakt van parametrische domeinpartitionering, waardoor de toepasbaarheid
van de state-of-the-art methoden op multidimensionale systemen wordt uitgebreid. Hoofd-
stuk 3 introduceert een meer algemene PWA-benaderingsmethode die gebruik maakt
van een hinging-hyperplane formulering, wat meer �exibiliteit biedt vergeleken met de
tweedimensionale snijstrategie bij domeinpartitionering. Als resultaat kan de algemene
snijbenadering eenvoudigere PWA-benaderingen van niet-lineariteiten verkrijgen in ver-
gelijking met de parametrische snijbenadering bij dezelfde gewenste benaderingsfout. In
Hoofdstuk 4 introduceren we H4MPC, een op MATLAB gebaseerde open-source toolbox
voor de hybridisatie van niet-lineaire regelproblemen bij geautomatiseerd rijden, en in
Hoofdstuk 5 wordt de gevoeligheid van PWA-benadering van niet-lineaire optimalisatie-
problemen met polytoop-beperkingen geanalyseerd. Deze analyse kan op twee manieren
worden gebruikt: voor het vinden van de betrouwbaarheidsradius, d.w.z. een grens op de
afstand tussen de benaderde en originele minima, voor een gegeven benaderingsfout, even-
als voor het verkrijgen van een vereiste grens op de benaderingsfout voor een gewenste
betrouwbaarheidsradius.
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Deel II onderzoekt het probleem van proactieve botsingvermijding in noodscenario’s.
Naar aanleiding van de resultaten van Deel I de�niëren en bieden we een hybridisatie-
benchmark voor niet-lineaire Model Predictive Control (MPC) in Hoofdstuk 6. Vervol-
gens onderzoeken we uitgebreid verschillende hybridisatieformuleringen voor hybride
benadering van niet-lineaire modellen met behulp van het computationeel beheersbare
Max-Min-Plus-Scaling (MMPS) systeemformalisme, evenals niet-lineaire ongelijkheidsbe-
perkingen zoals voertuigstabiliteit en tijdverzadigingslimieten. In Hoofdstuk 7 wordt dit
hybridisatiekader beoordeeld in een voertuigregelbenchmark in verschillende rijscenario’s,
zoals wrijvingsonzekerheid, waarbij de e�ectiviteit van hybridisatie in het verbeteren van
de computationele snelheid en het verbeteren van de zoektocht naar de globaal optimale
oplossing wordt aangetoond. Hoofdstuk 8 behandelt de uitdaging van botsingvermijding
in real-time met een voertuig met beperkte computationele middelen na het plotseling
verschijnen van een statisch obstakel. Meer speci�ek, we stellen een geïntegreerde aanpak
voor bewegingsplanning die e�ciënte feed-forward planningssignalen combineert om de
feasibility problemen van MPC te verminderen. Ten slotte richten we ons in Hoofdstuk 9
op proactieve botsingvermijding in dynamische omgevingen met behulp van een hybride
stochastisch MPC-kader voor bewegingsplanning, gevalideerd door middel van rigoureuze
simulaties met een voertuigmodel van hoge nauwkeurigheid in IPG CarMaker.

Samenvattend, door het ontwikkelen van nieuwe hybridisatiestrategieën, uitgebreide
analytische en numerieke onderzoeken, en het introduceren van beoordelingsbenchmarks,
gaat dit proefschrift de uitdagingen aan van het beheersen van ontwijkende manoeuvres
in gevaarlijke scenario’s. De nieuw ontwikkelde methoden in dit proefschrift worden
gevalideerd met behulp van uitgebreide case study’s en de e�ectiviteit van hybridisatie in
proactieve reacties op gevaar wordt aangetoond door middel van simulaties van hoge nauw-
keurigheid evenals experimenten in de echte wereld. Onze aanbevelingen voor toekomstig
werk omvatten het verbeteren van robuustheid, meer gegeneraliseerde en uitgebreide
gevoeligheidsanalyse, en het verbeteren van de interpretatie van regeloplossingen om
menselijk gedrag te imiteren, wat kan bijdragen aan de acceptatie van geautomatiseerd
rijden.
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Introduction

As the saying goes, ‘he who has a hammer sees everything as a nail’. If you approach a problem
from a particular theoretical point of view, you will end up asking only certain questions and
answering them in particular ways. You might be lucky, and the problem you are facing might
be a ‘nail’ for which your ‘hammer’ is the most appropriate tool. But, more often than not,
you will need to have an array of tools available to you.

— Ha-Joon Chang, Economics: The User’s Guide

Imagine the following scenario: you are driving on a highway, and the driver in front
of you suddenly starts making erratic movements, possibly due to an unforeseen situation
such as a stroke or even a collision. Another example is the unexpected appearance of an
animal on the road, which is closely related to the well-known moose test in the context
of automated driving. In such hazardous scenarios, an ideal driver would remain calm,
maintain decision-making ability, and be able perform a safe maneuver, balancing between
steering and braking to avoid collision with the obstacle, as well as vehicle instability. In
reality, however, drivers often panic, which leads to loss of focus and degraded performance.
Automated driving systems can mitigate such risks, which is the core of the research in
this thesis. To begin, it is important to de�ne what constitutes a hazard.

1.1 The Concept of Hazard in Automated Driving
Let us �rst distinguish between highway and urban driving scenarios, as each have their
respective challenges and necessitate di�erent research approaches. Urban driving involves
navigating through complex tra�c patterns, interacting with vulnerable participants such
as pedestrians and cyclists, and managing frequent stops and starts. The frequent presence
of tra�c signals, crosswalks, and the need for constant vigilance for unexpected movements
by pedestrians or cyclists add layers of di�culty that require comprehensive studies on
human behavior, tra�c �ow, and safety measures [1–3]. These complexities demand a
high level of situational awareness and quick decision-making from the driver.

In contrast, on highways the environment and the behavior of other road users are less
complex. For instance, there are no junctions nor red lights, and other vehicles have fewer
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behaviors such as decelerating, accelerating, or changing lanes. This reduced complexity
might suggest that hazardous scenarios are less dangerous on highways than in urban
areas. However, the opposite is true! In fact, highway driving involves its own intricate
set of challenges, as evidenced by driver training programs where trainees must master
speci�c urban driving scenarios before progressing to high-speed highway driving. For
instance, in some countries e.g. Iran, new drivers are not permitted to drive on inter-city
highways during their �rst year after obtaining their license.

On highways, the primary challenges stem from the high speeds, which signi�cantly
amplify the consequences of errors. As a slight disturbance in steering at high speeds
can lead to severe instability and loss of control, the margin for error is drastically
reduced and the reaction time available to drivers is much shorter than in urban
driving scenarios. Moreover, maneuvers options are limited on highways; in urban
environments, drivers can often stop completely to avoid obstacles, e.g. in case pedestrians
or cyclists suddenly enter their path. However, on highways, it is either dangerous or even
impossible to do the same due to the high speeds. For instance, if an animal suddenly
appears on the road, the driver might not be able to stop in time or change lanes safely,
potentially leading to a serious accident.

In such scenarios, human drivers often experience severe anxiety and impaired judg-
ment, which can lead to suboptimal, if not drastic and dangerous, reactions. In contrast, an
automated system does not panic or experience delays in decision-making. Therefore, auto-
mated driving can be a promising solution for human-based errors in hazardous scenarios,
among other bene�ts e.g. enhanced mobility.

The concept of hazard plays a signi�cant role in understanding the barrier towards high
and full automation levels [4] de�ned by the Society of Automotive Engineers (SAE) [5].
The SAE classi�es automation into six levels shown in Fig. 1.1, ranging from 0 to 5, with
levels 4 and 5 respectively representing high and full autonomy. The term “automated
driving” – in particular, Automated Driving Systems – is used to refer to levels 3 to 5 [5].

Figure 1.1: Vehicle automation levels de�ned by SAE, inspired by [6]

In level 3 of autonomy, similar to autopilot systems in airplanes, the automated system
is responsible for perception and executing driving tasks [4]. However, the presence of a
skilled driver in the vehicle is still required because the driver must take over the driving
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task in emergencies [7]. This requirement is eliminated in level 4, meaning that the system
must handle emergencies independently in speci�c operational design domains e.g. sunny
weather and particular routes. Finally, a level 5 automated system functions as a skilled
driver, and is capable of operating in a wide range of scenarios and various operational
design domains without any human intervention. Thus, the primary barrier to reaching
high and full automation levels in automated driving lies in the implementation of a driving
system capable of handling hazards autonomously. This thesis will focus on these critical
scenarios via a proactive approach, i.e. anticipating potential issues rather than simply
reacting to them. We provide a detailed explanation of the concept of proactivity in the
following section.

1.2 Proactivity in Hazardous Scenarios
One of the main challenges in addressing hazards in the design of automated driving
systems is the lack of su�cient and reliable data in such scenarios, which limits
e�ective employment of data-driven and learning-based control design solutions. Moreover,
a rapidly changing environment and uncertain driving conditions in real-world
scenarios require high levels of adaptivity to change and robustness to disturbances for
candidate solutions. Model Predictive Control (MPC), as evidenced by its increasing
popularity in the �eld [8–12], is a promising approach for collision avoidance in hazardous
scenarios, by systematically handling constraints within an online control optimization
problem. As the name suggests, in MPC approach, a model of the system is used to predict
its behavior over a �nite horizon in the future time steps, which is then incorporated into
the formulation of the control optimization problem.

The e�ective application of MPC for high levels of automated driving necessitates the
use of complex physics-based models as many simplifying assumptions, such as low
lateral accelerations or linear tire dynamics [13], are no longer valid when performing
evasive maneuvers in high-speed hazardous scenarios. In this sense, the MPC optimization
problem in hazardous scenarios may lead to long computation times, which is a critical
limitation in these situations where swift decision-making is essential.

A proactive control solution respects the entanglement of the aforementioned
challenges by providing computationally fast and optimally safe trajectories
and/or control braking and steering commands in response to an unforeseen
dangerous situation.

For instance, one may think of robust [14] and tube-based [15] MPC design approaches
to tackle the uncertainty challenge. However, a robust approach has a limited ability to
providing a safe solution in case of an unforeseen incident on the road. Moreover, in a
hazardous scenario an overly-cautious and conservative control solution is in general not
optimal and may even lead to the propagation of hazard in time. For example, braking
behind a car with an unconscious driver keeps the ego vehicle in danger for a long period,
while overtaking can help the system get out of the hazardous scenario as soon as possible.
In this sense, a stochastic formulation of the uncertainties allows for a more proactive
response to a hazardous situation on the road. In addition, even the most optimal overtaking
trajectory becomes ine�ective if it is computed too slowly, missing the critical window
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of opportunity to avoid a collision. In summary, designing a proactive control strategy
for automated driving requires consideration of the stochastic properties of the MPC
optimization problem, alongside the need for computational e�ciency. As the latter is the
bottleneck in the �eld, the following section will focus on this aspect in greater depth.

1.3 Approximation: A Double-Edge Sword
The nonlinearity of the MPC optimization problem is the main source of long computation
times. For instance, while solving a NonLinear Program (NLP) in general yield a local
optimum, state-of-the-art solution methods for a Mixed-Integer Linear Program (MILP)
can guarantee convergence to the global optimum.

Linearization can e�ectively represent the local behavior of the system, but often
fails to capture critical nonlinear phenomena such as saturation of the tire forces. As a
result, avoiding the nonlinearity by e.g. successive online linearization [16] or grid-based
linearization [17] of the nonlinearity in hazardous scenarios does not allow capturing the
full dynamics of systems such as tires operating in nonlinear regions, where the interaction
between longitudinal and lateral dynamics further complicates the behavior.

With these limitations of linearization-based techniques for our research problem, it is
evident that a sophisticated approximation approach is required for the vehicle control
problem in hazardous scenarios. This approximation must be meticulously de�ned within
a comprehensive framework to ensure a well-balanced trade-o� between computation time
and accuracy, allowing for informed decision-making in the control design process. In this
context, hybridization emerges as a particularly promising approach.

Hybridization involves approximating nonlinearities using hybrid systems modeling
frameworks [18]. While the literature provides examples of this hybridization for compu-
tational e�ciency [19–21], developing a comprehensive framework necessitates a more
thorough analysis and synthesis. This development is achieved by analysis of various
approximation methods and parameters while keeping an eye on the dynamic nature of
the problem and its critical aspects including the optimization problem and its number
of decision variables, speci�c application requirements, numerical stability, and computa-
tional performance analysis, especially in systems with multi-dimensional domains. In line
with our primary research objective to propose a proactive control solution for automated
driving on highways, this thesis includes the examination of hybridization techniques for
automated driving, as well as assessment of their impact on the proactivity of the resulting
MPC formulation.

1.4 Contributions and Organization of this Thesis
This thesis addresses the control of evasive maneuvers in hazardous scenarios. In summary,
the contributions of the thesis are

• presenting novel iterative cut-based PieceWise A�ne (PWA) approximation ap-
proaches for a �exible approximation of multi-dimensional nonlinear systems while
ensuring adherence to user-de�ned error tolerances (Chapters 2 and 3),

• introducing H4MPC, a MATLAB-based hybridization toolbox, o�ering a user-friendly
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interface to formulate and solve optimization problems for approximating nonlinear-
ities for MPC optimization problems (Chapter 4),

• analyzing the sensitivity of PWA approximations to obtain quantitative bounds on
the distance between the original and the approximated local minima of a NLP with
polytopic constraints (Chapter 5),

• developing a novel hybridization method for MPC optimization problems using
the Max-Min-Plus-Scaling (MMPS) formalism along with a comparative assessment
benchmark to evaluate the resulting computational performance (Chapters 6 and 7),

• investigating real-time implementation of MPC for emergency collision avoidance
after sudden appearance of a static obstacle with extensive discussion of experimental
insights (Chapter 8), and

• proposing a proactive Stochastic Model Predictive Control (SMPC) approach for
collision avoidance in highway scenarios (Chapter 9).

Figure 1.2: Structure of this thesis
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The structure of this thesis is designed to provide a comprehensive exploration and
application of hybridization techniques, as well as applying the developed frameworks to the
control problem at hand by categorizing the chapters in two parts. In Part I, we focus on the
concept of hybridization, providing solid theoretical foundation and a clear understanding
of how hybridization can be e�ectively implemented. In Part II, we shift our focus to the
practical application of these hybridization frameworks in various aspects of the control
problem in hazardous scenarios to demonstrate how the theoretical principles discussed
in Part I can be translated into practical solutions, addressing real-world challenges in
automated driving.

Fig. 1.2 illustrates the thesis structure. Each chapter proposes solutions to speci�c
questions within our main research problem. The connection between di�erent chapters is
indicated by dashed arrowhead lines.
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2
Iterative PWA

Approximation via Cut-Based
Domain Partitioning

“Science is not a theory of reality, but a method of inquiry.”

— Donald D. Ho�man, The Case Against Reality

PieceWise A�ne (PWA) approximations are widely used among hybrid modeling frameworks
as a way to increase computational e�ciency in nonlinear control and optimization problems.
A variety of approaches to construct PWA approximations have been proposed, most of which
are tailored to speci�c application areas by using some prior knowledge of the system in
their assumptions and/or steps. In this chapter, a parametric method is proposed to identify
PWA approximations of nonlinear systems, without any prior knowledge of their dynamics or
application requirements. The algorithm de�nes the regions parametrically using hyperplanes
to cut the domain, and increases the number of regions iteratively until a user-de�ned error
tolerance criterion is met. General remarks are given on the algorithm’s implementation and
a case study is provided to illustrate its application to vehicle dynamics.

2.1 Introduction
The literature on hybrid systems provides analysis and control synthesis methodology for
systems featuring interacting continuous and discrete dynamics. To do so, a variety of
modeling frameworks have been proposed for hybrid systems, as well as proof of their
equivalence [23], such as PWA, Mixed-Logical-Dynamical (MLD), Max-Min-Plus-Scaling
(MMPS), and linear complementary systems [18]. Several of these frameworks have been
extensively studied, including for control [24] and reachability analysis [25] of MMPS

This chapter has been published in IFAC-PapersOnLine, the proceedings of IFAC World Congress [22].
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systems, model predictive control design [26] and its explicit solution in some cases [27]
for MLD, as well as for continuous PWA systems [28].

Among all the hybrid modeling frameworks, PWA systems have received extensive
attention due to their simple, yet clear, formulation of the hybrid nature of the system
behavior (i.e. explicit representation of di�erent dynamics and their activation criteria).
For example, the performance of discrete-time PWA systems [29], their stability criteria in
presence of uncertainty [30], their periodic solutions [31], and bifurcation phenomena [32]
were analyzed.

The PWA formalism is not only applied in domains where the hybrid nature of the
system is important, but it has also been extensively utilized in a wide range of problems
to increase computational e�ciency, such as modeling prostate-speci�c antigen levels [33],
water motion in sewer networks [34], or cornering behavior in vehicles [35]. In some cases,
PWA approximation of a nonlinear model facilitates reduction of the nonlinear control
optimization problem into a mixed-integer programming one, while still capturing the
complexity of the nonlinear behavior.

There are two main aspects to the problem of �nding a PWA approximation: optimal
partitioning of the state space into regions, and �nding the optimal a�ne approximation
in each one. The shape and the number of the regions in�uence computational complexity,
the accuracy, and potential numerical issues of the �nal form. A higher number of regions
improves accuracy and reduces the error bound, but leads to computationally more complex
control problems. In addition, the shape and edge of the regions are of importance as the
optimization problem is most likely to encounter numerical problems, if e.g. regions have
redundant edges or gaps exist between them.

In some applications, a proper partitioning strategy is known based on heuristics or
physics-based knowledge of the system [20, 36]. In such cases, �nding local a�ne approxi-
mations is more straightforward and can be achieved using least-squares or other regression
methods. However, a generic PWA-approximation optimization problem is combined, i.e.
both regions and local approximations are decision variables. Some techniques have been
proposed to tackle challenges due to the combined nature of the problem, like partitioning
the domain based on the variations of the nonlinear function [37], learning-based PWA
system identi�cation using recursive adaptive control laws [38] and online observer-based
identi�ers [39], or clustering approaches, either based on convex relaxation of sparse
optimization problems [40] or incorporating fuzzy-based outlier rejection and k-means
method [41].

To date, many of the developed techniques, either explicitly or implicitly, limit the
application to low dimensions or a bound on the number of local dynamics/modes [42],
and many require some prior knowledge of the PWA approximation to be found. e.g.
by employing some heuristic clustering steps [43]. Evidently, the e�ectiveness of the
method depends upon the application area and its requirements; the cited papers have
successfully found computationally e�cient PWA models for their respective systems.
However, to the best of our knowledge, no method has been proposed that addresses
generic PWA approximation of a system, without taking speci�c dimensions, applications,
or assumptions into account.

In this chapter, we propose a novel iterative algorithm to �nd PWA approximations of
nonlinear systems satisfying a user-de�ned error tolerance. Our proposed approach solves
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combined optimization problems in each iteration where parametric hyperplanes are used
to cut the domain into di�erent regions. This results in parametric de�nition of regions,
which are then directly optimized as a subset of the decision variables. As the algorithm
assumes no prior knowledge of the system, it can be implemented for discrete-time and
continuous-time dynamics, as well as event-driven and time-driven dynamics, in a wide
range of application areas. In any case, the algorithm can still be simpli�ed, curtailed, or
easily modi�ed if any information on the system is available. Details of the algorithm and
parametric region de�nition are described in Section 2.2, accompanied by general remarks
on various steps and considerations. The algorithm is then tested using a nonlinear vehicle
model as a case study in Section 2.3. Finally, concluding remarks and suggestions for future
work are given in Section 2.4.

2.2 PWA Approximation
2.2.1 Problem Formulation
Consider a given nonlinear system with its dynamics expressed in the generic form
ṡ = F(s,u), where s ∈ ℝn and u ∈ ℝm respectively represent the state and input vectors
and F ∶ ℝm+n → ℝn is the nonlinear function to be approximated. Without loss of gen-
erality, the augmented state vector x = [sT uT ]T is used to de�ne F(x)B F(s,u) since the
approximated function will be selected to be a�ne in both the state and the input. The
augmented domain is assumed to be bounded and will be de�ned as dom(F) =D ⊂ ℝm+n.

The proposed approach approximates the nonlinear function F by a PWA function f
de�ned as

x ∈ Cp ⟹ f(x) = fp(x), fp(x) = Apx +Bp , (2.1)

with p ∈ {1,2,…,P}, where P is the number of regions, each de�ned by polytope Cp ⊆ ℝm+n

with

Cp ≠ ∅, ∀p ∈ {1,…,P}, (2.2a)
int(Cp)∩ int(Cq) = ∅, ∀p,q ∈ {1,…,P},p ≠ q, (2.2b)

P
⋃
p=1

Cp =D, ∀p,q ∈ {1,…,P},p ≠ q, (2.2c)

to form a partition of D, with int(Cp) denoting the interior of region Cp . By de�ning the
border hyperplanes Lp,q ⊂ ℝm+n−1 as

Lp,q = Cp ∩Cq , ∀p,q ∈ {1,2,…,P}, p ≠ q, (2.3)

the set of border hyperplanes forming boundaries of the region Cp are represented by the
set

Lp = {Lp,q | q ∈ {1,…,P}∧ q ≠ p}.

For a �xed P , both the regions Cp and the corresponding local a�ne approximations fp
are obtained by �nding the optimal values of the matrices Ap and Bp , as well as the set Lp
so as to minimize the squared approximation error. This is implemented by solving the
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optimization problem

min
Ap∈A, Bp∈B, Lp∈L ∫

D

‖F(x)− f (x)‖22
‖F(x)‖22+�

dx, s.t. (2.1)− (2.2b), (2.4)

where A, B, and L represent the sets containing Ap , Bp , and Lp , respectively. The term
‖F(x)‖22 in the denominator is introduced such that the cost values represent the relative
error and the added scalar � > 0 prevents division be very small values where ‖F(x)‖2 ≈ 0.

2.2.2 Parametric Definition of Regions
Without loss of generality, m+n is assumed to an even number as m+n = 2d, and the states
are paired in couples as (xi, xj ) to form 2-dimensional subspaces. The corresponding pairs
(i, j) are collected in the set Ω and the local domains Di,j ⊂ ℝ2, are de�ned as

x ∈D ⟹ [xi xj]
T ∈Di,j , ∀(i, j) ∈ Ω.

Remark 2.1. It should be noted that this assumption will not pose any restrictions on the
method since for an odd (m+n) value, the cutting procedure can be easily implemented on
the unpaired single dimension as an axis.

�������

������ ������
�������

Figure 2.1: Parametric de�nition of cutting the domain; two cases are proposed to cover all the cutting angles
within the local domain.

After pairing the states, the regions are de�ned by cutting D perpendicular to the (xi, xj )
planes as shown in Fig. 2.1. Since the region boundaries are to be optimized, the place of
the cuts needs to be de�ned parametrically. To do so, two carrier lines are introduced on
opposite sides of Di,j , on which points �i,j and �i,j can slide. As an example, Fig. 2.1 shows
three points (in yellow and orange) sliding on the carriers, where the lines connecting the
pairs of (�i,j ,�i,j ) are used to cut the domain D perpendicular to Di,j .

Remark 2.2. The �i,j values should be increasing and the same holds for the �i,j values, since
otherwise the corresponding cuts collide.
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Remark 2.3. Given l� and l� , the location of the points �i,j and �i,j on carriers parallel to the
diagonal of D can be obtained as

xi� = ximin +Xi sin
2�+ l� cos�,

xj� = xjmin −Xi sin�cos�+ l� sin�,
xi� = ximin −Xj sin�cos�+ l� cos�,

xj� = xjmin +Xj cos
2�cos�+ l� sin�,

(2.5)

where the domain parameters X , �, and xmin associated with the i and j axes are shown in
Fig. 2.2.

Figure 2.2: A schematic view of the connection among various domain parameters and their relation to the
decision variables, i.e. domain cuts.

To cover all possible cutting angles, the two cases in Fig. 2.1 should be investigated
separately with di�erent carriers. Note that requiring two cases stems from the (xi, xj )
plane being 2-dimensional. For a rectangular Di,j (e.g. due to bound constraints), or a
parallelogram, it is convenient to de�ne the carriers for �i,j and �i,j points parallel to
one of the diagonals in each case. Nevertheless, this concept can be easily extended for
applications with other Di,j forms by circumscribing a parallelogram to Di,j and de�ning
the carriers parallel to the diagonals for each case. The numbers of cuts perpendicular to
each (xi, xj ) plane, is denoted by nci,j and it is equal to the number of �i,j and �i,j points
sliding on the carriers.

2.2.3 Approximation Algorithm
As the optimal number of regions is not known a priori, our proposed algorithm tackles
PWA approximation through an iterative loop given in Algorithm 1. The vector nc contains
the number of cuts nci,j with indices i and j such that (xi, xj ) ∈ Ω. By getting nc as input
and solving (2.4) for a �xed P as

P = ∏
(i,j)∈Ω

(nci,j +1) ,
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the function reg_optimization(⋅) �nds the optimal a�ne approximations and their corre-
sponding regions simultaneously. During each iteration, reg_optimization(⋅) returns both
the minimum objective J ∗ and its corresponding optimal decision variables

�∗ = (A∗, B∗, L∗) ,

as output. The asterisk indicates the optimal value of the variable, and the border hyper-
planes are de�ned using the position of the �i,j and �i,j points as

L =
{
(l�k , l�k ) | � ∈ {1,2,…,d} , k ∈ {1,2,…, (nc)�}

}
.

It should be noted that (2.4) is a nonlinear optimization problem. Therefore, the function
reg_optimization(⋅) can either use a global search solver such as genetic algorithm or
particle swarm, or gradient-based approaches with multiple starting points. In both cases,
the best objective value would be the lowest value among the minima obtained in each
trial.

Algorithm 1 Iterative cut-based PWA approximation
cond← true
nc ← 01×d
iter ← 0
while cond do

iter ← iter +1
ncuts ← 1d×1 ×nc+Id×d
for i ∈ {1,2,…,d} do

nin ← d-th row of ncuts
[err(i),sol(i)] ← reg_optimization(nin)

end for
dbest ← arg min

i
(err (i))

nc ← dbest-th row of ncuts
if min (err) 6 tolerr then

cond← false
return nc,sol (dbest)

else if ∏d
q=1 nc(q) > Nregmax then

cond← false
return print(‘Exceeded Nreg’)

else if iter > itermax then
cond← false
return print(‘Exceeded itermax’)

end if
end while

However, the number of regions may not be su�cient to approximate the nonlinear
function within a particular error bound. In that case, more cuts should be introduced to
partition D. To do so, the designed loops runs as follows to investigate di�erent scenarios:
in each iteration, reg_optimization(⋅) is solved for d cases, in which only one element in
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nc is increased by 1, and the nc with the lowest objective is selected as the best cutting
strategy for the next iteration. The algorithm stops when reaching objective values below
the error tolerance tolerr. To avoid an in�nite loop, the procedure can also be stopped by
passing maximum bounds on the number of iterations or the number of regions.
Example 2.1. For D ⊂ ℝ4, d = 2, and Ω = {(1,2), (3,4)}, the algorithm starts by setting
nc = [0 0], which means no cutting.
In the �rst iteration, reg_optimization(⋅) is called twice, �nding the best approximations
for nc = [1 0] and nc = [0 1] which correspond respectively to making only one cut
perpendicular to D1,2, and only one cut perpendicular to D3,4.
If nc = [1 0] gives a lower objective, but fails to satisfy the error tolerance, the next iteration
starts with nc = [1 0], and two cases nc = [2 0] and nc = [1 1] are investigated. In other
words, if one cut on D1,2 is considered a successful cutting strategy, the next step is to improve
the result by adding more cuts to it as a baseline.

2.2.4 General Remarks
The power of Algorithm 1 stems from neither posing limits on system dimensions nor
assuming a required number of regions. Moreover, as the approximation problem (2.4) can
be solved by gridding the domain, our proposed method can also be applied in cases where
the analytical form of the nonlinear model is not available. For instance, training measure-
ment data sets can also be used to �nd a �tted PWA approximation using Algorithm 1. In
addition, some general notes should be made:

State-based vs. full-state partitioning: PWA approximation of F ∶ ℝm+n →ℝn is done
by running Algorithm 1 independently for each of the n states. This leads to the cuts and
subsequently regions that are independently de�ned and evaluated for each component
of ṡ. If this is not convenient for certain applications and it is desired to have the same
regions for all the elements of ṡ, Algorithm 1 can be used in the same fashion or modi�ed
by changing the objective in (2.4) as

min
Ap∈A, Bp∈B, Lp∈L∫

D

‖W (F(x)−f (x))‖22+1
‖F(x)‖22

dx, s.t. (2.1)− (2.2b),

where W is a weight matrix.

Selection of a single case: Implementing the proposed approach is completed by run-
ning Algorithm 1 for cases 1 and 2 in parallel and choosing the best result. However,
one of the two cases may always be showing better results from the �rst iteration. To
avoid unnecessary computation in such instances, the cases can be tested and compared
by running the �rst iteration of Algorithm 1, identifying the better case (i.e. with a lower
objective), and then implementing Algorithm 1 only for that case.

Pairing the states: Pairing the states as Ω can be done arbitrarily. Prior knowledge
of the system and/or its application may suggest that speci�c states should be paired.
Nevertheless, the pairing can be also done by testing di�erent combinations of Ω through
one iteration, as was proposed for evaluating cases 1 and 2.
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Cases with unbounded domain: The proposed algorithm assumes the domains (D and
subsequently Di,j ) to be bounded. In case of an unbounded domain, a subset of the regions
Cp need to be de�ned unbounded as well. This will not a�ect the decision variables in (2.4)
as the cutting places are optimized, not the regions’ boundaries. However, the objective in
(2.4) approaches in�nity across an unbounded domain. To avoid this, a su�ciently large
bounded subset of the unbounded domain D can be used to �nd the PWA approximation
using our algorithm. The result can then be directly used to approximate the behavior in
the original domain.

Obtaining the cutting hyperplanes: The matrix form of the border hyperplanes ob-
tained from (2.3) can be constructed by extending the de�nition of the cuts. Using (2.5), a
cut L is de�ned by

L B xj = (
xj� −xj�
xi� −xi� )xi+(xj� −xi�

xj� −xj�
xi� −xi� ).

As each pair of cuts from di�erent Di,j are perpendicular, the resulting cutting hyperplanes
in D can be directly combined in a generic matrix form

Lp,q B Hx +ℎ = 0.

2.3 Case Study: Vehicle Dynamics
In this section, Algorithm 1 is used to �nd a PWA approximation of a nonlinear model of
vehicle dynamics, integrating the coupled longitudinal and lateral dynamics in a single-
track con�guration, and considering linear tire forces. The model and implementation of
the proposed approach are explained in the following sections.

2.3.1 Nonlinear Vehicle Model
A single-track representation of the vehicle is shown in Fig. 2.3. With the system variables
and parameters respectively de�ned in Tables 2.1 and 2.2, the nonlinear vehicle model is
described by the following equations:

v̇x =
1
m [Fxf cos� −Fyf sin� +Fxr]+vy r , (2.6a)

v̇y =
1
m [Fxf sin� +Fyf cos� +Fyr]−vx r , (2.6b)

ṙ =
1
Izz

[Fxf sin� lf+Fyf cos� lf−Fyr lr] , (2.6c)

and the lateral forces are given by the linear tire model

Fyf = C�f�f , Fyr = C�r�r,

where the slip angles are obtained by

�f = � − tan−1(
vy + lfr
vx ), �r = tan−1(

vy − lrr
vx ).
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Figure 2.3: Con�guration of the single-track vehicle model

Table 2.1: System variables

Variable De�nition Unit
vx Longitudinal velocity m/s
vy Lateral velocity m/s
 Yaw angle rad
r Yaw rate rad/s
� Steering angle (road) rad
Fxf Longitudinal force on the front axis N
Fxr Longitudinal force on the rear axis N
Fyf Lateral force on the front axis N
Fyr Lateral force on the rear axis N
Fzf Normal load on the front axis N
Fzr Normal load on the rear axis N
�f Front slip angle rad
�r Rear slip angle rad

Table 2.2: System parameters

Parameter De�nition Value Unit
m Vehicle mass 1970 kg
Izz Inertia moment about z-axis 3498 kg/m2

lf CoG∗ to front axis distance 1.4778 m
lr CoG to rear axis distance 1.4102 m
C�f Front cornering sti�ness 126784 N
C�r Front cornering sti�ness 213983 N

∗Center of Gravity

2.3.2 Implementation and Results
Considering system dynamics in (2.6a) to (2.6c), Algorithm 1 is used to �nd PWA approxima-
tion of v̇x , v̇y , and ṙ independently. MATLAB’s Optimization toolbox is used to implement
the algorithm using lsqnonline for 10 starting points. The system is simulated during an
evasive double lane-change maneuver and the axes corresponding to the augmented state
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vector x = [vx vy r Fxf Fxr �]
T are paired as

Ω = {(vx , r), (vy , �), (Fxf , Fxr)},

which results from our physics-based knowledge of the system states, their dimensions,
and their order of magnitude. Comparing the �rst iterations of cases 1 and 2 showed that
case 2 gives lower objectives when cutting D perpendicular to Dvx ,r and Dvy ,� , while case
1 is the better one to de�ne cuts on DFxf ,Fxr .

Figure 2.4: Open-loop simulation of an evasive double lane-change maneuver using nonlinear vehicle model and
two PWA approximations: LB and CB approaches

The solution time depends on the number of regions due to an subsequent increase
in the number of decision variables. The algorithm was run for di�erent error tolerances
using the DelftBlue supercomputer [44] with every iteration for the number of regions
between 2 to 10 taking on average 435 minutes.

The approximations obtained for tolerr values in Table 2.3 using our proposed cut-based
algorithm (CB), and the Lebesgue PWA approximation (LB) approach proposed by [37],
have been compared with the nonlinear system for the open-loop system simulation in
Fig. 2.4. In the LB approach, the domain is partitioned perpendicular to each axis and
based on variation of the nonlinear function’s gradient; this results in hypercubic regions.
However, the CB approach cuts the domain perpendicular to 2-dimensional subspaces
which leads to polytopic regions. The same tolerances were selected for both algorithms
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for fair comparison, and they converged to the number cuts nc de�ned as

nc = [nc(vx ,r) , nc(vy ,�) , nc(Fxf ,Fxr)] .

The total number of regions N is listed as well in Table 2.3. Fig. 2.4 shows that the CB
approach provides a more accurate approximation of the model, and its good performance
is better seen in v̇x which has a higher degree of nonlinearity where CB gives a better
approximation while introducing a smaller number of regions.

Table 2.3: The number of cuts at convergence for case study instances with di�erent error tolerance values

Instance v̇x v̇y ṙ
tolerr 0.30 0.10 0.05

PWA−LB nc [1,3,0] [0,0,0] [0,0,0]
N 8 1 1

PWA−CB nc [0,3,0] [1,0,0] [1,0,0]
N 4 2 2

2.4 Conclusions
In this chapter, an iterative algorithm for PWA approximation of nonlinear systems was
proposed assuming no prior knowledge of the application area. By using a cut-based
parametric de�nition of the regions in the optimization problem, the algorithm aims at
�nding an optimal partitioning of the domain into polytopic regions and the corresponding
local a�ne approximations, simultaneously. This combined optimization problem is solved
in each iteration for several cases of adding new cuts whereas the number of cuts is
increased in each iteration until a user-speci�ed error tolerance is reached. The algorithm
is implemented on a nonlinear vehicle model as a case study where di�erent error tolerances
were selected for each state and the results were compared to another PWA approximation
approach from the literature, where similar to our proposed algorithm, the regions are
included parametrically in the decision variables of the combined optimization problem.
The comparison shows that our approach gives more a accurate approximation of the
nonlinear system, in some cases with fewer number of regions.

In future work, the current algorithm can be improved along two lines. First, the
iteration law can be enhanced for faster convergence to the optimal number of regions
while avoiding introduction of extra and/or redundant cuts. For instance, instead of
increasing the number of cuts in each iteration by one, more cuts can be introduced
based on the di�erence of the objective functions between the last two iterations. Second,
adjustments or additions to the algorithm structure can be introduced for applications
where discontinuity is problematic, to either avoid discontinuity on the region borders in
the obtained PWA approximation, or to circumvent its undesired consequences (e.g. in
switching analysis or control synthesis) by de�ning auxiliary a�ne dynamics or switching
rules along the borders. Moreover, on the application level we aim at investigating the
performance of our proposed approximation method on a wider variety of test cases, i.e.
driving scenarios.
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3
PWA Approximation of

Multi-Dimensional
Nonlinear Systems

“Behold me - I am a Line, the longest in Lineland, over six inches of Space”.
“Of Length,” I ventured to suggest.
“Fool”, said he, “Space is Length.”

— Edwin Abbott, Flatland: A Romance of Many Dimensions

PieceWise A�ne (PWA) approximations for nonlinear functions have been extensively used
for tractable, computationally e�cient control of nonlinear systems. However, reaching a
desired approximation accuracy without prior information about the behavior of the nonlinear
systems remains a challenge in the function approximation and control literature. As the
name suggests, PWA approximation aims at approximating a nonlinear function or system by
dividing the domain into multiple subregions where the nonlinear function or dynamics is
approximated locally by an a�ne function also called local mode. Without prior knowledge of
the form of the nonlinearity, the required number of modes, the locations of the subregions, and
the local approximations need to be optimized simultaneously, which becomes highly complex
for large-scale systems with multi-dimensional nonlinear functions. This chapter introduces a
novel approach for PWA approximation of multi-dimensional nonlinear systems, utilizing a
hinging hyperplane formalism for cut-based partitioning of the domain. The complexity of the
PWA approximation is iteratively increased until reaching the desired accuracy level. Further,
the tractable cut de�nitions allow for di�erent forms of subregions, as well as the ability to
impose continuity constraints on the PWA approximation. The methodology is explained via
multiple examples and its performance is compared to two existing approaches through case
studies, showcasing its e�cacy.

This chapter has been submitted to Automatica.
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3.1 Introduction
PWA systems are a class of hybrid modeling frameworks where the dynamics is expressed
by multiple subsystems, i.e. local modes, that are a�ne functions of states and inputs and
are active on a partition of the domain region, i.e. subregions [45]. PWA approximation of
nonlinear functions has long been used in diverse applications, contributing to enhanced
modeling power [46], improved computational e�ciency [47], identi�cation of explicit
control laws [48] or serving as a descriptor for neural networks in machine learning [49].
Moreover, complexity of PWA approximations [50] and their veri�cation processes [51]
has been examined in the literature.

Approximating a nonlinear function by a PWA form is rather straightforward if the
subregions are known a priori, as the problem boils down to determining local a�ne
approximations on each subregion. The knowledge of the subregions may arise from the
knowledge of di�erent regimes (refer to the tire model in [52]) or from the knowledge of
di�erent equilibria (refer to the chaos model in [53]). However, in numerous applications,
the di�culty arises when we lack prior information about the location of the subregions
and the quantity of local modes to reach a particular approximation accuracy.

The conceptualization of PWA approximation as an optimization problem becomes
notably intricate when dealing with multi-dimensional nonlinear functions. Even for
known, yet multi-dimensional models such as in resistor networks [54], analytical solution
of the PWA approximation problem may be elusive and the optimization problem should
better be formulated for a set of points sampled from the domain [55]. This idea resembles
PWA approximation approaches learned through experimental data [56]. A question
arise about how to sample the points. A trivial solution is taking as many subregions
as data points [45]; however, this approach easily leads to over�tting. Therefore, for the
optimization problem to become well-posed, the number of local modes is often �xed while
minimizing approximation error [45] or its expectation [57].

Various methods have been used to formulate the PWA approximation problem [45, 58,
59]. A common formulation is a bi-level optimization problem [60] that can be recast into
a mixed-integer program [61], or solved in a recursive manner [62–65]. While recursive
solutions are fast and can be used for online PWA approximation [39], they are often
limited in handling multi-dimensional systems and are most e�ective when the form of
the subregions is partially known and just needs to be re�ned [38]. For instance, in [66]
more vertices are iteratively added to the subregions for improved accuracy, but the solver
needs to be properly initialized.

Bi-level optimization arises because PWA approximation essentially has two key aspects:
establishing a partitioning strategy to divide the domain into subregions, and �nding the
local a�ne approximations. A popular partitioning strategy is clustering of the mesh
points [40, 64, 67, 68], which can be sensitive to the mesh quality [65]. Despite the e�orts
to reduce the sensitivity to the cluster boundary and outliers [41], the performance of
clustering-based partitioning degrades for multi-dimensional nonlinear functions. Some
formulations use a speci�c shape for the partition, e.g. using hyper-rectangular subregions
for digital systems [69], using the function gradient [37], which is only applicable for
uni-dimensional domains, or simplical representation [70], which is applicable for low-
dimensional domains [58]. Conversely, the hinging hyperplanes formalism, where the
function is de�ned as a sum of hinging functions, e.g. min and max, of parameterized
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hyperplanes, have proven to be an e�cient and tractable formulation for partitioning of
multi-dimensional domains [71].

If the approximation problem is solved o�ine, the main goal is to converge to the
most accurate PWA approximation with minimal complexity. This essentially requires
a partitioning strategy that is �exible enough to divide the domain in various ways and
consequently, allow for �nding a PWA approximation of a desired accuracy via de�ning
the lowest possible number of subregions. Additionally, an appropriate methodology
should be able to yield a continuous PWA approximation, which was handled by using
min and max operators in [72]. However, using max and min operators does not allow
for a discontinuous form. In this sense, using the continuity constraint from [54] is more
suitable for more �exibility.

In this chapter, we present a novel approach for PWA approximation of multi-dimensional
nonlinear systems using cut-based partitioning of the domain via a hinging hyperplane
formalism. The complexity level of the PWA form can be iteratively increased if the in-
tended level of complexity is either unknown or not restricted. In our earlier work [73],
we have tackled the PWA approximation of multi-dimensional nonlinear systems with no
prior knowledge. In this chapter, we generalize the cutting de�nitions and the formulation
of the optimization problem, enhancing the �exibility of the partitioning strategy. These
extensions enable evaluating cuts that were not possible with our prior approach, and allow
for a tractable implementation of continuity constraints in the approximation problem.
In summary, our novel PWA approximation approach improves upon the state-of-the-art
methods by (1) �exible de�nition of subregions using a generalized hinging hyperplane
formalism to allow for �nding PWA approximations with fewer number of subregions
for a given approximation error tolerance, and (2) tractable bi-level formulation of the
optimization problem to facilitate modi�cations based on applications e.g. imposing the
continuity constraint on the PWA approximation. The e�cacy of these extensions will
be shown via illustrative examples. Further, we compare our method to the approach
in [65] where a recursive solution of the PWA approximation problem helps reducing the
complexity and we show that our optimization formulation and cut-based partitioning
allows for convergence to the same accuracy level with fewer number of subregions.

The structure of the chapter is as follows: Section 3.2 covers the main de�nitions
and the formulation of the approximation problem. The novel cut-based partitioning
strategy is explained in Section 3.3 using examples for clarity, and Section 3.4 presents the
resulting optimization problem and the solution procedure. Case studies and comparisons
are described in Section 3.5, while Section 3.6 concludes this chapter.

3.2 Problem Formulation
Let us consider a nonlinear system with dynamics

ṡ = F(s,u),

where s ∈ ℝn and u ∈ℝm respectively represent the state and input vectors and F ∶ ℝn+m →ℝn

is the nonlinear function to be approximated. Without loss of generality, the augmented
state vector x = [sT uT ]T is used to de�ne F(x)B F(s,u) since the approximated function
will be selected to be a�ne in both the state and the input. The augmented domain is
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assumed to be bounded and is de�ned as dom(F) =D ⊂ℝn+m. For brevity of the expressions,
hereafter we will use d = n+m as the dimension of the domain.

De�nition 3.1 (Domain D). The domain D ⊂ ℝd is de�ned by the scalar boundary function
g ∶ ℝd →ℝ as

D B {x ∈ ℝd | 0 6 g(x) 6 1}.

Remark 3.1. We use the normalized form 0 6 g 6 1 instead of g > 0 to avoid numerical
issues in solving the approximation optimization problem.

The proposed approach approximates the nonlinear function F by a PWA function f
de�ned as

x ∈ Cp ⟹ f(x) = fp(x), fp(x) = Jpx +Kp , (3.1)

with p ∈ {1,2,…,P}, where the matrices Jp ∈ ℝn×d and the vectors Kp ∈ ℝn describe in total
P local a�ne modes, each de�ned on a polytopic subregion Cp ⊂ Rd such that the polytopes
form a partition of D, i.e. the subregions are nonempty,

Cp ≠ ∅, ∀p ∈ {1,…,P} (3.2a)

they are non-overlapping,

int(Cp)∩ int(Cq) = ∅, ∀p,q ∈ {1,…,P}, p ≠ q (3.2b)

and their union covers the entire domain,

P
⋃
p=1

Cp =D, (3.2c)

with int(Cp) denoting the interior of region Cp .

De�nition 3.2 (Region set R). The region set R is the ordered set collecting the partition
(i.e. the subregions) as

R B {C1,C2,… ,CP }.

For a �xed P , the region set R and the corresponding local a�ne approximations fp
are obtained simultaneously via solving the optimization problem

min
J , K, R ∫

D

‖F(x)− f (x)‖22
‖F(x)‖22+�

dx, (3.3)

subject to (3.1)− (3.2), (3.4)

to minimize the squared approximation error where J and K represent the ordered sets
containing Jp and Kp , respectively. The term ‖F(x)‖22 in the denominator is introduced such
that the cost values represent the relative error and the added scalar � > 0 prevents division
by very small values where ‖F(x)‖2 ≈ 0.
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3.3 Parametric Region Definition
We partition D into P subregions by cutting it using (d −1)–dimensional hyperplanes.

De�nition 3.3 (Cutting hyperplane Hi). The i-th cutting hyperplane Hi is an a�ne subspace
of ℝd de�ned as

Hi B {x | ℎTi x −1 = 0},

for i ∈ {1,…,nc} where nc represents the number of cuts.

De�nition 3.4 (Cut arrangement H). The cut arrangement H is the arrangement of nc
cutting hyperplanes de�ned by the set

H = {H1,H2,… ,Hnc }.

Remark 3.2. In principle, the number of subregions generated by cutting ℝd via the ar-
rangement H can be calculated using Zaslavsky’s theorem [74] provided that all the possible
0- to (d − 1)-dimensional intersections of the hyperplanes in H are obtained. As a more
computationally-e�cient approach, here we �x the number of cutting hyperplanes and numer-
ically obtain the region set R within D by investigating the existence of the possible subregions
created by H without counting the 0- to (d −1)-dimensional intersections. As a result, P is not
�xed a priori.

To de�ne each cutting hyperplane, we generate d points in ℝd and �nd the hyperplane
passing through them as shown in Fig. 3.1. These points are de�ned on the surface of a
enclosing hypersphere S in D to ensure they are linearly-independent.

De�nition 3.5 (Enclosing hypersphere S). The enclosing hypersphere S is the smallest
d–dimensional hypersphere enclosing D de�ned by

S B {x | ‖x‖22−�
2 = 0},

where the constant � is the radius of the enclosing hypersphere.

Remark 3.3. Without loss of generality, one can always de�ne a coordinate shift for the
domain so that the center of the hypersphere is located at the origin. . This allows to simplify
the expressions and mathematical manipulations.

(a) De�nition of points on S (b) De�nition of H1 using d points on S (c) Cutting D using H1

Figure 3.1: A schematic view cutting the domain using a hypersphere.
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To locate the points on S, we use spherical coordinates (r = �,�1,�2,… ,�d−1) to param-
eterize the locations using spatial angles

�1,�2,… ,�d−2 ∈ [0,�], �d−1 ∈ [0,2�].

Figure 3.1a shows this concept for d = 3. The Cartesian coordinates of the k-th point
xk = [x1,k ,… ,xd,k]T can then be obtained by [75]

xj ,k = �cos�j ,k
j−1

∏
�=1

sin��,k , ∀j ∈ {1,…,d −1}, (3.5a)

xd,k = �
d−1
∏
�=1

sin��,k , (3.5b)

where xj ,k is the j th component of the kth point. Then, to �nd the hyperplane Hi passing
by d points, we need to solve

Xiℎi = 1d×1 ⟹ ℎi = X−1
i 1d×1, (3.6)

where

Xi =
⎡
⎢
⎢
⎢
⎣

x1,1 x1,2 … x1,d
x2,1 x2,2 … x2,d
⋮

xd,1 xd,2 … xd,d

⎤
⎥
⎥
⎥
⎦

.

Figure 3.1b illustrates the generation of one hyperplane H1 for d = 3 and how the domain
is cut into two partitions in Fig. 3.1c. For more cuts, we then need to proceed analogously
for all nc cuts, obtaining H as

H = {11×d X−T
i x = 1}, ∀i ∈ {1,…,nc}. (3.7)

Since each hyperplane divides the domain into two half-spaces, we de�ne the map �
from the domain D to the nc ×1 Boolean vector � as

�i(x) =

{
0 if ℎTi x < 1
1 if ℎTi > 1

, ∀i ∈ {1,…,nc}, (3.8)

to indicate which side of the hyperplane Hi the point x lies on. Since the subregions are
also located on one side of each hyperplane, there exist at most 2nc possible partitions that
can be stored in an nc ×2nc matrix. However, to avoid unnecessary usage of memory, we
suggest generating � vectors by investigating the binary vectors corresponding to integer
numbers from 0 to 2nc −1 without storing all of them in a very large matrix. We use the
prune-and-search paradigm [76] by solving 2nc linear programs to check the feasibility of
each combination

min
x

1, (3.9)

subject to x ∈D, (3.10)
ℎTi x < 1 if �i = 0, i ∈ {1,…,nc}, (3.11)
ℎTi x > 1 if �i = 1, i ∈ {1,…,nc}, (3.12)
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where � ∈ ℝnc is the binary representation of the integer j ∈ {0,…,2nc −1} in each linear
program. The � vectors corresponding to feasible problems are then stored in the feasibility
matrixΣ ∈ ℝnc×P . This procedure is implemented by Algorithm 2.

Algorithm 2 Find feasibility matrix of a cut arrangement as Σ = chambers(H,D)
Require: H,D
nc← |H| ⊳ |.| denotes cardinality
� ← 0nc×1
Σ← 0nc×0 ⊳ 0nc×0 is an empty matrix
for l ∈ {0,1,…,2nc −1} do

�
binary vector
←−−−−−−−−−− l

if (3.9)-(3.12) feasible for (�,H) then
Σ← [Σ �]

end if
end for
return Σ

Example 3.1. Consider the 3-dimensional hypercube domain D shown in Fig. 3.2 and two
cut arrangements Ha and Hb respectively shown in Figures 3.2a and 3.2b. We have

nc = 2 ⟹ l ∈ {0,1,2,3}
binary
−−−−−→ {00,01,10,11}.

Problem (3.9)-(3.12) is not feasible for � = 01 for Ha as there is no region within D lying above
H1 and below H2. However, (3.9)-(3.12) is feasible for � ∈ {00,10,11}. Therefore, the feasibility
matrices for Ha and Hb are

Σa = [
0 1 1
0 0 1] , Σb = [

0 0 1 1
0 1 0 1] .

(a) Ha (b) Hb

Figure 3.2: A schematic view of two cut arrangements in Example 1.

In the combination geometry literature, a similar concept is used but in a set of tuples called the oriented metroid.
For more details see [77].
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Next, we aim at �nding the neighboring subregions to identify the hyperplane they
share as their boundary. We de�ne the adjacency matrix A to store this information.
De�nition 3.6 (Adjacency Matrix A). The adjacency matrix A ∈ ℝP×P represents the neigh-
boring subregions within the region set R as follows:

Ap,q =

{
i if Cp ∩Cq = Hi
0 otherwise

.

The adjacency matrix is symmetric by de�nition.

Note that the adjacent subregions share their � vector, except for only one element,
which is the element corresponding to their boundary hyperplane. Thus, the adjacency
matrix is constructed by investigating the columns in Σ. Since each column in Σ is a binary
vector, two columns di�er only in one element if and only if their subtraction contains
only one ±1 element, i.e.

‖Σ.,p −Σ.,q‖1 = 1.
Each column of Σ represents a subregion and how it relates to the hyperplanes in H.
However, de�ning each region is done only by evaluating its boundaries and not all the
cutting hyperplanes to avoid redundancy. Since each column (or row) of A corresponds to
one of the elements in R, the subregion p can now be formulated as follows:

Cp =
{
x ∈D, ∀i > 0, Ap,. = i

||| (−1)
Σi,p ℎTi x 6 (−1)

Σi,p
}
. (3.13)

The subregions are then stored in the region set R. Algorithm 3 describes the procedure of
obtaining R from H and Σ using the adjacency matrix A.
Example 3.2. Consider the 3-dimensional domain shown in Fig. 3.3 as

D B { x ∈ ℝ3 | xj ∈ [−2,2] , j ∈ {1,2,3}},

with the cut arrangement H = {H1,H2,H3} shown in Fig. 3.3a where

H1 B { x ∈ ℝ3 | − x1+2x2+5x3 = 1},

H2 B { x ∈ ℝ3 | 0.1x1−0.5x2−0.2x3 = 1},

H3 B { x ∈ ℝ3 | − x1+x2 = 1}.

(a) Cutting the domain (b) Resulting subregions

Figure 3.3: Illustration of the cut arrangement and the resulting subregions in Example 2.
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Algorithm 3 Find subregions of a cut arrangement as (R,A,P) = regions(H,Σ)
Require: H,Σ
nc← |H| ⊳ |.| B cardinality
P ← number of columns in Σ
A← 0P×P
R←∅
for p ∈ {1,…,P} do

for q ∈ {p+1,…,P} do
� ← Σ.,p −Σ.,q
if ‖�‖1 = 1 then

Ap,q ← index of nonzero component in �
end if

end for
end for
A← A+AT ⊳ upper-triangular to symmetric
for p ∈ {1,…,P} do

Cp
solve (3.13)
←−−−−−−−−−H,A

R←R∪ {Cp}
end for
return R,A,P

The feasibility and adjacency matrices for H are

Σ =
⎡
⎢
⎢
⎣

0 0 0 1 1
0 0 1 0 0
0 1 0 0 1

⎤
⎥
⎥
⎦
, A =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

0 3 2 1 0
3 0 0 0 1
2 0 0 0 0
1 0 0 0 3
0 1 0 3 0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,

which gives the subregions as depicted in Fig. 3.3b expressed by

C1 B { x ∈D |
⎡
⎢
⎢
⎣

−1 2 5
0.1 −0.5 −0.2
−1 1 0

⎤
⎥
⎥
⎦
x 6 1}, C2 B { x ∈D | [

−1 2 5
1 −1 0]x 6 1},

C3 B { x ∈D | [−0.1 0.5 0.2]x 6 1}, C4 B { x ∈D | [
1 −2 −5
−1 1 0 ]x 6 1},

C5 B { x ∈D | [
1 −2 −5
1 −1 0 ]x 6 1},

3.4 Cut-Based PWA Approximation
The PWA approximation of a nonlinear function is obtained by solving (3.3) by optimizing
the partitioning strategy via R and the local a�ne approximations J and K, while satisfy-
ing (3.2). Using the cut-based parametric region de�nition through Algorithms 2 and 3,
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constraints (3.2) are automatically satis�ed since we cut the domain with hyperplanes
which gives R as a set of non-overlapping partitions that cover the whole D.

If the aim is to give a continuous PWA approximation of the system, the following con-
straint should be imposed on the dynamic modes corresponding to neighboring subregions,
which is derived based on [78]:

∃c ∈ ℝd s.t. Jp −Jq = c ℎTi , ∀p,q ∈ {1,…,P}, Hi = Cp ∩Cq . (3.14)

Corollary 3.1. The di�erence of Jp and Jq in (3.14) is of rank one [78]. As a result, the
continuity can be imposed on the PWA approximation by considering rank of the Jacobian
matrices in neighboring modes.

Even with a �xed number of cutting hyperplanes, the number of subregions (and con-
sequently the dimensions of the decision space) di�ers for di�erent H arrangements with
the same nc. Due to its varying-dimensional nature, we formulate the PWA approximation
problem as a bi-level optimization problem. At the lower level, we �nd the minimum
approximation error for the region set R as

Γ∗(R) = min
J ,K

P
∑
p=1

∫
Cp

‖‖F(x)− Jpx −Kp‖‖
2
2

‖F(x)‖22+1
dx, (3.15)

s.t. rank(Jp −Jq) = 1, (3.16)
∀p,q ∈ {1,…,P}, Ap,q ≠ 0,

where (3.16) is the continuity constraint and can be disregarded in case a continuous PWA
form is not required. Problem (3.15)-(3.16) is a nonlinear least-squares optimization problem
that can be solved using e.g. gradient-based methods with multiple starting points.

At the higher level, we solve the following optimization problem:

min
�

Γ∗(R)+�P (3.17)

s.t. H = {11×d X−T
i x = 1}, ∀i ∈ {1,…,nc}, (3.18)

Σ = chambers(H,D), (3.19)
(R,A,P) = regions(H,Σ), (3.20)
�i,j ∈ [0,�], �i,d−1 ∈ [0,2�], ∀i ∈ {1,…,nc}, ∀j ∈ {1,…,d −2}, (3.21)

with � collecting �i,j , Γ∗ being the approximation error obtained in the lower level and the
chambers and regions functions correspond to the Algorithms 2 and 3, respectively.
Here we penalize the number of subregions P as well by a regularizing weight � > 0. Similar
to the lower-level problem, (3.17)-(3.21) is a nonlinear optimization problem. However,
being not smooth, we propose solving it using global optimization methods such as genetic
algorithm.

Equations (3.15)-(3.21) are solved for a �xed nc. In our approach, we start by nc = 1 and
in case the best solution does not reach a user-de�ned error tolerance, we increase nc and
solve (3.15)-(3.21) again. Algorithm 4 describes this iterative cut-based PWA optimization
problem.
The term “chambers” is often used in the combinatorial geometry literature for the “subregion” concept. Here, to
distinguish between the functions in Algorithms 2 and 3, we use this term as a label for clarity.
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Algorithm 4 Iterative cut-based PWA approximation
Require: F ,D

generate S
cond← true
nc← 0
iter← 0
while cond do

nc← nc+1
iter ← iter +1
(Γ∗,J ∗,K∗,R∗) ← solve (3.15)-(3.21)
if Γ∗ 6 tolerr then

cond← false
return J ∗,K∗,R∗

else if iter > itermax then
cond← false
return print(‘Exceeded itermax’)

end if
end while

3.5 Results and Discussion
In this section, we analyze the performance of our proposed cut-based PWA approximation
method in three steps: �rst, we use a case study as an illustrative example of a nonlinear
function for a user-de�ned approximation error tolerance. Then, we compare our method
with [73] and [65] to show the �exibility of our approach, leading to lower approximation
errors for a lower complexity of PWA the form.

3.5.1 Case Study
To illustrate our cut-based PWA approximation approach, consider the system

ẋ = sin(x +u2),

with a 2-dimensional domain

D B { (x,u) ∈ ℝ2 | x ∈ [−2,2] , u ∈ [−2,2] },

to be able to display the function and the subregions. We approximate the nonlinear
function Using Algorithm 4 by selecting the stopping criterion

tolerr = 5%

and imposing the continuity constraint in (3.16). The algorithm reaches the stopping
criterion with nc = 8 cuts by partitioning the domain into P = 16 subregions. Figure 3.4
shows the resulting PWA approximation, region set, and the cutting hyperplanes.

3.5.2 Comparison with Approaches in the Literature
The comparison analysis is done separately for each approach from the literature, using
case studies form its respective publication.
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Figure 3.4: Cut-Based PWA approximation of the nonlinear function ṡ = sin(s +u2) using 8 cuts. Each local mode
is shown in the same color as its corresponding subregion.

Mesh-based recursive abstractions
Here, we use the same benchmark incorporated in [65]: the Dubins vehicle dynamics
F ∶ [−2,2] × [0,2�] → ℝ given by

F(x) = x1 cos(x2).

The abstraction error is de�ned as the distance between the upper and lower PWA approx-
imations of F . Therefore, for a fair comparison, we assume the approximation error to be
half of the abstraction error.

Table 3.1 compares the number of required subregions to reach three di�erent user-
de�ned maximum approximation errors. It is evident that the new cut-based approach can
reach the same accuracy level with signi�cantly fewer subregions. However, it should be
noted that the two methods introduced in [65] converge to their minima faster than our
approach. Therefore, the bene�t of the new cut-based method is best realized for o�ine
computations aimed at reaching a more accurate, yet simpler, PWA approximation forms.

Table 3.1: Number of required subregions using di�erent PWA approximation methods

Maximum error
Approach 10% 5% 2.5%

Cut-based approach 12 24 40
Method I [65] 58 108 210
Method II [65] 61 121 257

Parametric plane-based cutting strategy
In the previous chapter, a cut-based PWA approximation is done by pairing the input-state
vectors to form 2D hyperplanes and the cutting hyperplanes are de�ned perpendicular to
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the selected pairs. As one of the illustrative examples in [73], the longitudinal velocity of a
single-track vehicle model with linear tires is denoted by F ∶ ℝ6→ℝ is given by

F(x,u) =
u1 cos(u3)+u2

�1
+�2 [tan

−1
(
x2+�3x3

x1 )−u3] ,

with �1 = 1970, �2 = 64.36, and �3 = 1.48, incorporating 3 states and 3 inputs. To approximate
F , 3 non-intersecting cuts are required on (x2, u3) to partition the domain into 4 subregions
and achieving the – signi�cantly high – approximation error of 30%. Moreover, the resulting
PWA approximation is not continuous.

Table 3.2 compares di�erent cut-based PWA approaches in terms of the continuity of
their respective number of regions, their maximum error, and the continuity of their PWA
form. Using our proposed cutting strategy, we are no longer limited to plane-based cutting
of the domain, which signi�cantly improves our �exibility in partitioning the domain,
which results in obtaining a PWA approximation with 3 local modes for a maximum error
of 3%. Moreover, we can now enforce a continuous PWA approximation of the dynamics.
As a result, we are able to reach 3% approximation error using only two cuts: one on vy −r
and one on vx −vy axis.

Table 3.2: Comparing cut-based PWA approximation approaches

Approach Continuous form Number of regions Maximum error
Current method Yes 4 3%
Current method No 3 3%

Previous method [73] No 4 30%

3.6 Conclusions
In this chapter, we have proposed a novel approach for PWA approximation of nonlinearities
using a hinging-hyperplane formulation to partition the domain into subregions. Our
proposed method does not require prior knowledge of the dynamics, is applicable to
nonlinear systems de�ned on multi-dimensional domains, and allows for a straightforward
formulation of the continuity constraint for the PWA approximation. To avoid unnecessary
complexity in the �nal form, the number of cutting hyperplanes is iteratively increased in
case the solutions of the approximation problem are unable to satisfy a user-de�ned error
tolerance. The �exibility of our proposed approach allows for various polytopic subregion
de�nitions and adaptability for di�erent approximation requirements. By comparing the
performance of our approach to other state-of-the-art methods from the literature, we have
showcased its potential for practical applications in complex, large-scale systems, paving
the way for future advancements in nonlinear function approximation and control.





4

35

4
H4MPC: A Hybridization

Toolbox for MPC

Adults are bewitched by their language because they try to apply discrete words to continuous
activities. Before the breakaway of natural language, words were activities. Yet we speak, very
discretely. This is just what, and all, we can do.

— Council of Human Hybrid-Attractors, Incessance: Incesancia

The computational complexity of Nonlinear Model Predictive Control (NMPC) poses a signif-
icant challenge in achieving real-time levels of 4 and 5 of automated driving. This chapter
presents the open-access Hybridization toolbox for Model Predictive Control (MPC) (H4MPC),
targeting computational e�ciency of NMPC thanks to several modules to hybridize NMPC
optimization problems commonly encountered in automated driving applications. H4MPC
is designed as a user-friendly solution with a graphical user interface within the MATLAB
environment. The toolbox facilitates intuitive and straightforward customization of the
hybridization process for any given function appearing in the equality or inequality con-
straints within the MPC framework. The initial release, Version 1.0, is freely available from
h�ps://bit.ly/H4MPCV1. To provide a clear illustration of the toolbox capabilities, we present
two case studies: one to hybridize a vehicle model and another one to approximate tire satura-
tion constraints.

4.1 Introduction
Nonlinearity of the MPC optimization problem in automated driving is a signi�cant obstacle
towards real-time vehicle control [12]. Approximating the nonlinearities is often done
in many applications [80] to come up with improved computational e�ciency in solving
the nonlinear control optimization problem. In this line, hybridization techniques [81]

This chapter has been published in the proceedings of IEEE Conference on Advance Motion Control [79].

https://bit.ly/H4MPCV1
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approximate a nonlinear function using hybrid systems formalism, with both continuous
and discrete-time dynamics involved in the approximation [18]. For more information on
hybrid systems, the reader is referred to [23, 82].

Hybridization has been extensively employed in automated driving research, e.g.,
in vehicle control [21] by approximating the nonlinear model using a mixed-logical dy-
namics [26], or by approximating nonlinear tire forces using PieceWise A�ne (PWA)
dynamics [36, 83, 84]. E�ciency of MPC after hybridization has been recently studied in
[85, 86].

This chapter presents H4MPC [87], a hybridization toolbox in Matlab that provides
a user-friendly interface to formulate and solve optimization problems to approximate
the nonlinearities in NMPC using hybrid systems formalism, in particular PWA modeling
framework. The toolbox exploits the formulation from Max-Min-Plus-Scaling (MMPS)
systems [24] to allow for an intuitive adjustment of the complexity level in the approximated
form. Further, H4MPC facilitates approximation of the nonlinear constraints via covering
the resulting non-convex feasible region by a union of convex subregions, namely ellipsoids
or polytopes, where the latter are obtained using MMPS formalism as well.

This chapter describes the H4MPC modules in detail and demonstrates its capabilities
using two case studies: approximating a single-track vehicle model [88], and hybridizing
the non-convex feasible region due to tire saturation limits, known as the Kamm circle
constraint [89] for a Pacejka tire model [90]. The chapter is structured as follows: Section 4.2
covers the preliminary de�nitions, Section 4.3 presents the architecture of H4MPC and
Section 4.4 illustrates the case studies and analysis of the results. Finally, Section 4.5
summarizes the results of this chapter.

4.2 Preliminaries
4.2.1 Nonlinear Problem Description
Consider a given discrete-time nonlinear system s(k +1) = F(s(k), u(k)) where s ∈ ℝn and
u ∈ ℝm respectively represent the state and input vectors, and the domain of F is denoted
by D ⊆ ℝn+m. With the state and input vectors de�ned over the whole prediction horizon
Np as

s̃(k +1) = [ŝT (k +1|k) ŝT (k +2|k) … ŝT (k +Np|k)]
T ,

ũ(k) = [uT (k) uT (k +1) … uT (k +Np−1)]
T ,

and ŝT (k + i|k) with i ∈ {1,…,Np} representing the prediction of the states in step k+ i given
the measured states at step k, the nonlinear MPC problem at step k is formulated in the
general form:

min
s̃(k),ũ(k)

‖Θs s̃(k)‖� +‖Θuũ(k)‖� , (4.1a)

s.t. ŝ(k + i|k) = F(ŝ(k + i−1|k),u(k + i−1)), ∀i ∈ {1,…,Np}, (4.1b)
G(ŝ(k + i−1|k),u(k + i−1)) 6 1, ∀i ∈ {1,…,Np}, (4.1c)

where (4.1b) represents the equality constraints due to the prediction model, and (4.1c)
expresses the non-convex feasible region via the normalized nonlinear constraint functionG
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resulting from physics-based constraints such as tire saturation or vehicle stability. Without
loss of generality, we assume G to be a scalar function. The objective function (4.1a) is
a sum of the �−norm of the state and input vectors with � ∈ {1,2,∞}, induced by weight
matrices Θs and Θu.

4.2.2 Approximation of the Nonlinear Problem
Hybridization of the NMPC problem is done in two steps: (1) approximating the prediction
model, i.e. F , and (2) approximating the nonlinear constraints, i.e. G. For a more compact
representation, we use the augmented state vector x = [sT uT ]

T to de�ne F(x)B F(s,u)
and G(x)B G(s,u).

Model Approximation
We approximate each component Fw of F = [F1 … Fn]

T by an MMPS function fw in the
Kripfganz form [91] as

fw(x) = max
{
�+w,1(x),�

+
w,2(x),…,�

+
w,P+w (x)

}
−max

{
�−w,1(x),�

−
w,2(x),…,�

−
w,P−w (x)

}
, (4.2)

∀w ∈ {1,…,n},

where the vectors ��s ∶ ℝm+n →ℝP� with � ∈ {+,−} are a�ne functions of x , also referred
to as dynamic modes. Figure 4.1 shows an illustrative example for a 1-dimensional case
with (P+, P−) = (3,4).

�+1
�+2

�+3

�−1

�−2
�−3

�−4

Nonlinear
MMPS

x

f

Figure 4.1: MMPS approximation of a nonlinear function using the di�erence of two max functions

Constraint Approximation
With the nonlinear, non-convex constraints given as G(x) 6 1, we approximate the feasible
region C B {x ∈D | G(x) 6 1} by a union of convex subregions R. The shape of the subre-
gions in R can either be polytopic, which we obtain by an MMPS approximation of the
boundary, or ellipsoidal.

Similar to the prediction model, MMPS approximation of the constraints is expressed
by

gMMPS(x) = max
{

+1 (x), 


+
2 (x),…,


+
R+(x)

}
−max

{

−1 (x), 


−
2 (x),…,


−
R−(x)

}
, (4.3)

with the vectors 
� ∶ ℝm+n →ℝR� and � ∈ {+,−} being a�ne functions of x .
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In the ellipsoidal approach, G is approximated by gELLP as

gELLP(x) = min
e∈{1,…,ne}

{
(x −xe,0)TQe(x −xe,0)−1

}
, (4.4)

with Qe being positive de�nite matrices and xe,0 representing the center coordinates of
the (possibly rotated) ne ellipsoids. Figure 4.2 represents a schematic view of MMPS and
ellipsoidal constraint approximations.

Domain

MMPS

Nonlinear

Ellipsoidal

x1

x2

Figure 4.2: MMPS and ellipsoidal constraint approximation.

4.2.3 Approximation Problem Formulation
All the nonlinear functions H ∈ {F1,… ,Fn,G} are approximated by their respective hybrid
formulations ℎ ∈ {f1,… ,fn, g} for g ∈ {gMMPS, gELLP} via solving the nonlinear optimization
problem

min
A ∫

D

‖H(x)−ℎ(x)‖2
‖H(x)‖2+�0

dx, (4.5)

where A represents the decision variables used to de�ne ℎ and the positive value �0 > 0
added to the denominator avoids division by very small values for ‖H(x)‖2 ≈ 0. For the
nonlinear constraint, (4.5) approximates the boundary of the feasible region, and therefore
we call this approach “boundary-based”.

Another method to formulate the constraint approximation problem is the “region-base”
approach where we formulate the optimization problem as

min
A


c
V{C ⧵R}

V{C}
+ (1−
c)

V{R⧵C}
V{D⧵C}

, (4.6)

where the operator V gives the size or “volume” of the region, and 
c ∈ [0,1] is a tuning pa-
rameter to adjust the relative penalization weight for the misclassi�cation errors regarding
inclusion error C ⧵R, i.e., failing to cover the feasible region, and the violation error R⧵C
which corresponds to violating the constraints.
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4.3 Toolbox Architecture
The graphical user interface of the H4MPC toolbox is shown in Fig. 4.3 and consists of
three steps, which correspond to the three modules in H4MPC as shown in Fig. 4.4: grid
generation, model approximation, and constraint approximation. In each module, during
grid generation, model approximation, and constraint approximation, the toolbox saves
the results as separate .mat �les in case the user is only interested in the output from
one of the modules. The arrows in Fig. 4.4 illustrate the possible �ow of using each module
within H4MPC.

Figure 4.3: Graphical user interface

4.3.1 Grid Generation Module
In the �rst step, the user is asked to provide information on:

• number of states and inputs,

• function handles for the nonlinear model and constraint functions,
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Figure 4.4: Toolbox architecture

• sampling time for forward Euler discretization if the model function is continuous-
time (can be set to 0 if the provided function is discrete-time), and

• input and state bounds.

For the highly-nonlinear model or constraint functions in automated driving, analytical
closed-form solutions for (4.5)–(4.6) often do not exist. Therefore, a grid is generated on
D to solve these optimization problems by minimizing the objective function across the
grid points. For model approximation, the user can select among four methods described
in [85]:

• Domain-based: [points are directly sampled from D]

– Uniform (U): the points are generated by picking nsamp uniformly-spaced
points along each axis in D.

– Random (R): a total of nrand points are randomly selected from D.

• Trajectory-based: [nsim open-loop simulations with nstep steps of F are run using
random inputs from D]

– Steady-state (S): the initial state of each simulation is selected as the steady-
state solution w.r.t. the initial input, i.e., it is assumed that each simulation
starts from a steady state.

– Randomly-initiated (T): the initial state of each simulation is randomly
selected from D.

For constraint approximation, the grid points are sampled from the whole domain D. Since
the region close to the boundary of the feasible region where G(x) = 1 is of more interest,
the constraint approximation grid is generated by combining a uniform grid (U) with a
random grid (R) on the boundary region with width �b, where |G(x)−1| 6 �b. The user can
select the number of uniform and boundary grid points, as well as �b in the user interface.
After clicking on the “Generate Training Grids” button, the parameters are saved in the
params struct and the model and constraint approximation grids, respectively SM and
SC, are generated.
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4.3.2 Model Approximation Module
In this module, the user is asked to provide (P+, P−) values for model approximation, for
each state/input separately, i.e. for components of F . We solve (4.5) for the user-de�ned
values of (P+, P−) by Matlab’s nonlinear least squares optimizer, lsqnonlin, using the
trust-region-re�ective algorithm, in view of the number of optimization variables. We solve
the problem with nmultistart random initial guesses, where nmultistart is provided by the user,
and we select the one with the lowest objective value as the optimal solution. By clicking
on the “Approximate Prediction Model” button, the model approximation optimization
problem is solved and the hybridized model is saved in the system struct.

4.3.3 Constraint Approximation Module
The third module approximates the nonlinear constraints using the desired approach and
subregion types that can be selected by the user. Similar to the model approximation
module, the boundary-based approach leads to a smooth problem, which H4MPC solves
for the user-de�ned values of (R+,R−) or ne. The boundary-based approach o�ers greater
�exibility in �ne-tuning the trade-o� between encompassing the non-linear region and
potentially infringing upon it, ultimately resulting in improved coverage of the non-convex
region. However, if the application demands strict adherence to non-linear constraints, it is
advisable to opt for the region-based approach in (4.6), which results in a non-di�erentiable
objective function. The user can then select the parameter 
c to adjust the weight factor
in (4.6). H4MPC solves the approximation problem using the particle swarm optimizer in
Matlab, which does not require the problem to be di�erentiable where -based on extensive
numerical experiments- we select the swarm size to be 10 times larger than the number of
decision variables. The user can then click on the “Approximate Constraint” button, to get
the hybridized constraints as the const struct.

4.4 Case Study
In this section, two examples are investigated to showcase model and constraint approx-
imations handled by H4MPC. The �rst example involves the single-track vehicle model
from [88] as an illustrative model approximation example, and the second considers the
Kamm circle constraint [89] as a function of the lateral and longitudinal slips to represent
a non-convex feasible region. Multiple selections in H4MPC are tested to highlight the
e�ect of various tuning parameters for hybridization.

4.4.1 Nonlinear Vehicle Model
The lateral dynamics of the single-track vehicle model in Fig. 4.5 is characterized by

ṙ =
1
Izz

(lf Fyf − lr Fyr) , (4.7a)

�̇ = arctan(
Fyf +Fyr
mvx

−r), (4.7b)
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Table 4.1: System parameters and variables∗

System parameters
Parameter De�nition Value Unit

m Vehicle mass 1725 kg
Izz Inertia moment about z-axis 1300 kg/m2

lf CoG∗∗ to front axis distance 1.35 m
lr CoG to rear axis distance 1.15 m
� Friction coe�cient 1 –
vx Longitudinal velocity 20 m/s
Fzf Normal load on the front axis 5000 N
Fzr Normal load on the rear axis 5000 N
B�

Pacejka tire coe�cients

11.4 –
C� 1.4 –
B� 10.0 –
C� 1.6 –

System variables
Variable De�nition Bound Unit

� Sideslip angle [-0.3,0.3] rad
r Yaw rate [-0.5, 0.5] rad/s
� Steering angle (road) [-0.3, 0.3] rad
Fxf Longitudinal force on the front axis [-5000, 0] N
Fxr Longitudinal force on the rear axis [-5000, 5000] N
Fyf Lateral force on the front axis [-5000, 5000] N
Fyr Lateral force on the rear axis [-5000, 5000] N
�f Front slip angle [-0.4,0.4] rad
�r Rear slip angle [-0.4,0.4] rad
�f Front slip ratio [-1,1] –
�r Rear slip ratio [-1,1] –
s State vector B [r �]

T – –
u Input vector B � – –

∗These kinematic parameters are from [88].
∗∗Center of Gravity

with the tire forces described by the Pacejka tire model [90] as

Fxa = Fza � sin(C� arctan(B��a)) , (4.8a)
Fya = Fza � sin(C� arctan(B��a)) , (4.8b)

the �a representing the slip ratio on axle a ∈ {f, r}, and the slip angles being

�f = arctan(�+
lfr
vx )

−�, (4.9a)

�r = arctan(�−
lrr
vx )

. (4.9b)

The system parameters are shown in Table 4.1. The tire forces should satisfy the tire
saturation limits, i.e. Kamm circle constraint [89]

F 2xf +F
2
yf 6 (�Fzf)

2 , (4.10a)
F 2xr+F

2
yr 6 (�Fzr)

2 . (4.10b)
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Figure 4.5: Single-track vehicle model.

4.4.2 Approximation of the Vehicle Dynamics
We use the vehicle model (4.7) as a case study to investigate model approximation with two
states, represented by the variables r and �, and the input �. To showcase the impact of the
parameters (P+, P−) on the level of complexity of the hybrid formulation, we examine two
sets of parameter values: (P+, P−) ∈ {(2,2), (4,3)} for ṙ and (P+, P−) ∈ {(2,2), (5,5)} for �̇.

As visualizing a three-dimensional input/state space can be not easy to read, we plot
two speci�c cases in Fig. 4.6: ṙ (�, r) for � = 0 rad and �̇(�,�) for r = −0.3 rad. For more
clarity, we provide two cuts along di�erent paths in each plot with their own distinguished
colors. We compare the original nonlinear function with its MMPS approximations by
using dashed lines for a simpler MMPS approximation and solid lines for a more complex
one. Notably, the more complex MMPS approximation, which includes additional terms,
provides a more accurate representation of the nonlinear function. For a more clear dynamic
comparison, the phase portrait of the more accurate MMPS approximation is compared
with the nonlinear one from [88] in Fig. 4.7 for three values of �, which shows that the
MMPS approximation can generate su�ciently-accurate trajectories on the phase portrait
as well.

4.4.3 Approximation of the Kamm Circle Constraint
To demonstrate the use of hybrid approximation for non-convex feasible regions, we provide
the following example with a more intuitive interpretation: approximate the feasible region
associated with the Kamm circle constraint de�ned in (4.10) within the �-� plane as its two
input/states. Therefore, we employ region-based approximation techniques while ensuring
that the constraint violation error is maintained at zero. Figure 4.8 showcases the hybrid
approximations using the ellipsoidal and MMPS methodologies for di�erent values of ne
and (R+,R−). Figure 4.8 illustrates the obtained hybrid approximations.

Additionally, to emphasize the signi�cance of de�ning boundaries properly, we examine
simpler cases with ne = 2 for the ellipsoidal approach and (R+,R−) = (2,2) for the MMPS
method under two scenarios: setting the boundary on the domain in terms of � to either 0.1
or 0.4 radians. A comparison between the orange and purple approximations for both the
ellipsoidal and MMPS approaches reveals that, as the optimizer minimizes the error across
the domain, it converges to a more accurate approximation in the vicinity of the origin
when |�| is less than or equal to 0.1. However, when the domain is extended to |�| 6 0.4, the
optimizer converges to an ellipsoidal or polytopic approximation of the feasible region close
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Figure 4.6: Comparison of two MMPS approximations of the vehicle model with di�erent (P+, P−) values. For a
more clear representation, the functions are plotted along four paths as 2-dimensional cuts of the 3-dimensional
function representation.
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Figure 4.7: Phase portraits of the nonlinear and the MMPS approximation with (P+, P−) ∈ {(4,3), (5,5)}.

to the origin, which cannot adequately capture the complexity of the nonlinear constraint
further from the origin. By increasing the complexity of the approximation, such as using
�ve ellipsoids or (R+,R−) = (5,5), the optimizer �nds hybrid approximations that provide
better coverage of the feasible region. This improved approximation is represented in pink
in both �gures.
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Figure 4.8: Illustration of MMPS and ellipsoidal approximation of the Kamm circles (4.10) as a function of � and �.

4.5 Conclusions
H4MPC is a open-source toolbox for hybridization of nonlinear model and constraints in
NMPC to allow a hybrid formulation of the nonlinear optimization problem. The toolbox
includes three modules and provides a user-friendly interface to allow the user to customize
the approximation. In this chapter, a single-track vehicle model and the tire saturation limits
were investigated as two examples to showcase multiple approximation approaches handled
in H4MPC and to highlight the in�uence of their corresponding parameters. We expect
the toolbox to be useful in a variety of applications such as automated driving or control of
robotic systems. The H4MPC toolbox is freely available from h�ps://bit.ly/H4MPCV1. The
next versions of the toolbox will include controller design using the hybridized form of the
nonlinear model and physics-based constraints to investigate the e�ect of approximation
complexity on computation time of the NMPC optimization problem.

https://bit.ly/H4MPCV1
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5
Sensitivity Analysis for PWA

Approximations of NLPs

To be a theorist you have to admit the possibility of being wrong – the provisionality of
knowledge – and you know you cannot spin your way out of a theoretical problem.

— Yanis Varoufakis, And the Weak Su�er What They Must?

NonLinear Program (NLP)s are prevalent in optimization-based control of nonlinear systems.
Solving general NLPs is computationally expensive, necessitating the development of fast
hardware or tractable suboptimal approximations. This chapter investigates the sensitivity
of the solutions of NLPs with polytopic constraints when the nonlinear continuous objective
function is approximated by a PieceWise A�ne (PWA) counterpart. By leveraging perturbation
analysis using a convex modulus, we derive guaranteed bounds on the distance between the
optimal solution of the original polytopically-constrained NLP and that of its approximated
formulation. Our approach aids in determining criteria for achieving desired solution bounds.
Two case studies on the Eggholder function and control of an inverted pendulum demonstrate
the theoretical results.

5.1 Introduction
NLPs are commonly encountered in optimization-based control of nonlinear systems,
e.g. Nonlinear Model Predictive Control (NMPC) [93]. Solving non-convex NLPs is in-
tractable, posing a great challenge in applying optimization-based controllers in real-time
operations, especially for systems having fast dynamics. Various solutions have been
proposed to address this issue, such as adaptive problem formulations [94], learning-based
methods [95], and sensitivity analysis of NLPs [96].

This chapter has been published in IEEE Control Systems Letters [92].
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PWA approximations are widely used due to their tractability [65, 70]. To obtain a
continuous PWA approximation, min and max operators can be used to maintain conti-
nuity and to resolve numerical issues in the resulting optimization problem [28, 97, 98].
The approximated problem can be used to obtain a suboptimal solution [99], whose opti-
mality highly depends on the accuracy of the approximation. For example, a warm start
of a non-convex NLP can be obtained by solving the approximated optimization prob-
lem [100, 101]. Optimality guarantees of such approaches can be derived using sensitivity
analysis, establishing an upper bound on the distance between the original solutions and
the approximated ones. As a result, by �nding a subset of the decision space around the
approximated solution, one can sample a structured or random warm start to solve the
original non-convex NLP more e�ciently.

Quantitative bounds on the distance between the original and the approximated so-
lutions have been studied in the sensitivity analysis of quadratic [102] and convex [103]
optimization problems. Regarding NLPs, there exist several results on their sensitivity to
the parameters in the optimization formulation [104, 105] and the initial solution [106]. In
addition, optimality and dissipativity conditions for the perturbed convex NLP problem
have also been established [107, 108]. For a more extensive study, the reader can refer
to [109]. However, obtaining quantitative bounds on the distance between the solutions of
a non-convex NLP and its PWA approximation is still a gap that needs to be �lled, and our
work addresses this problem.

In this chapter, we present a method to bound the solutions of a polytopically-constrained
non-convex NLP problem using a continuous PWA approximation of the nonlinear objec-
tive function. We employ the Max-Min-Plus-Scaling (MMPS) formulation of continuous
PWA functions in [28] to construct a piecewise convex approximation formalism. Leverag-
ing some results in [103], we derive guaranteed bounds on the distance between the original
and the approximated optimal solution. Moreover, our approach can not only establish
such bounds but also aid in determining necessary criteria during the approximation stage
to attain a desired solution bound. To demonstrate the theoretical �ndings, we present a
case study on the Eggholder function [110], a renowned benchmark optimization problem
with multiple local minima.

The rest of the chapter is organized as follows. In Section 5.2, we present preliminaries
regarding the sensitivity analysis of NLPs and the PWA approximation of nonlinear func-
tions. Section 5.3 formulates the problem and Section 5.4 elaborates our proposed approach
to theoretically compute the con�dence radius for the local minima of the corresponding
approximated function. In Section 5.5, we then demonstrate the derived con�dence radius
through a case study on the Eggholder function and we apply our analysis to an NMPC
optimization example. Section 5.6 concludes this chapter.

Notation: For a positive integer P , we use IP to denote the set {1,2,…,P}. For a connected
set D ⊆ ℝn, the diameter of D is de�ned as diam(D)Bmaxx1 ,x2∈D ‖x1−x2‖, where ‖ ⋅ ‖ is the
Euclidean or the 2-norm.
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5.2 Preliminaries
5.2.1 Representation of Continuous PWA Functions
We start with formally de�ning a continuous PWA function which will be frequently used
throughout this chapter.

De�nition 5.1 (Continuous PWA function [111]). A scalar-valued function f ∶D ⊆ ℝn →ℝ
is said to be a continuous PWA function if and only if the following conditions hold:

1. the domain space D is divided into a �nite number of closed polyhedral regions
R1,… ,RR with non-overlapping interiors,

2. for each r ∈ IR, f can be expressed as

f (x) = �Tr x +�r if x ∈Rr,

with �r ∈ ℝn and �r ∈ ℝ, and

3. f is continuous on the boundary between any pair of regions.

PWA functions can be expressed in di�erent forms, among which the MMPS form is
powerful for decomposing PWA functions.

Theorem 5.1 (MMPS representation [28]). For a scalar-valued continuous PWA function f
as in De�nition 5.1, there exist non-empty index sets IP and IQp such that

f (x) = min
p∈IP

max
q∈IQp

(aTp,qx +bp,q) , (5.1)

for real numbers bp,q and vectors ap,q ∈ ℝn.

For convenience, we de�ne the p-th local convex segment of f as

fp(x)B max
q∈IQp

(aTp,qx +bp,q) , (5.2)

where fp is convex since it is de�ned as the maximum of a �nite number of a�ne functions
and its domain is also convex. In addition, we de�ne the region Cp,q in which a certain
a�ne function is activated and the region Cp,. in which a convex PWA function is activated,
that is,

Cp,q B {x ∈D | f (x) = aTp,qx +bp,q}, (5.3a)
Cp,. B {x ∈D | f (x) = fp(x)}. (5.3b)

Further, we have

Cp,. =
Qp

⋃
q=1

Cp,q .

Lastly, we de�ne �p ∶ Cp,. → IQp as the region index function for fp as

�p(x) = q ⟺ x ∈ Cp,q . (5.4)
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5.2.2 Sensitivity of the Convex Optimization Problem
The convexity modulus [103], being used to quantify convexity, is useful in the sensitivity
analysis of convex functions. In the following, we de�ne the convexity modulus speci�cally
for fp , the p-th convex segment of f , and its domain Cp,..

De�nition 5.2 (Convexity modulus [103]). For a given convex function fp , the convexity
modulus ℎ1 ∶ [0,+∞) → [0,+∞) over the domain Cp,. is de�ned as

ℎ1(
)B

⎧⎪⎪⎪
⎨⎪⎪⎪⎩

inf
v,w∈Cp,.
‖v−w‖=


J (v,w) if 
 < diam(Cp,.)

+∞ if 
 > diam(Cp,.)
, (5.5)

where v and w are two points in Cp,. satisfying ‖v −w‖ = 
 , and J (v,w) is given as

J (v,w) =
fp(v)+ fp(w)

2
−fp(

v+w
2 ). (5.6)

Theorem 5.2 (Theorem 4.5 in [103]). Suppose that fp ∶ Cp,. →ℝ is a scalar-valued convex
function and �p ∶ Cp,. →ℝ is an arbitrary function satisfying

sup
x∈Cp,.

|�p(x)| = Δp < ∞. (5.7)

Let x∗p be any global in�mizer of fp and x̂∗p be any global in�mizer of ̂fp = fp +�p . Then

‖x̂∗p −x
∗
p‖ 6 ℎ

−1
1 (2Δp) , (5.8)

where ℎ1 is the convexity modulus in De�nition 5.2.

For a more compact notation, we call the right-hand side of (5.8), the con�dence radius,
de�ned as follows:

De�nition 5.3 (Con�dence radius). For a given function ̂fp ∶ Cp,. ⊆ ℝn →ℝ approximating
the function fp ∶ Cp,. ⊆ ℝn →ℝ with the maximal approximation error Δp from (5.7), the
con�dence radius is the upper-bound on the distance between x̂∗p , the global minimizer of ̂fp ,
and x∗p , the global minimizer of fp , and is obtained by

� = ℎ−11 (2Δp),

where ℎ1 is the convexity modulus in De�nition 5.2.

Proposition 5.1 (Proposition 2.2, 2.5 in [103]). Given a convex function fp on a compact
domain Cp,. with convexity modulus ℎ1 de�ned as (5.5), the following hold:

1. ℎ1 is left-continuous on (0,diam(Cp,.)), and

2. for 
1, 
2 ∈ [0,diam(Cp,.), if 
1 < 
2, then ℎ1(
1)/
1 6 ℎ1(
1)/
2.
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5.3 Continuous PWA Approximation of NLPs
Consider an NLP with polytopic constraints

min
x∈X

F(x), (5.9)

where F ∶D ⊂ ℝn →ℝ is the nonlinear objective function and X ⊆ D is the polytopic
feasible region. From now on, we assume that the domain D is compact. We approximate
F by a continuous PWA function f of the MMPS form (5.1) via solving the approximation
problem

min
A, B ∫

D

|||||
F (x)−min

p∈IP
max
q∈IQp

(aTp,qx +bp,q)
|||||
dx, (5.10)

to minimize the absolute approximation error, where the ordered sets A and B respectively
collect ap,q and bp,q .

Example 5.1. Figure 5.1 shows a 1-dimensional example of approximating a nonlinear
objective function F by a continuous PWA function f using the MMPS form (5.1) as

F(x) ≈ f (x) = min

⎛
⎜
⎜
⎜
⎜
⎝

max(f1,1, f1,2)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

f1,.

,max(f2,1, f2,2)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

f2,.

, f3,.

⎞
⎟
⎟
⎟
⎟
⎠

,

with P = 3, Q1 = Q2 = 2, and Q3 = 1. The convex segments of f are shown by fp,. which give
the maximum value among Qp a�ne functions fp,q , q ∈ IQp . The subregions Cp,q are shown
in the same color as their corresponding active a�ne functions, fp,q . In this 1-dimensional
example, diam(Cp,.) is the distance between the upper and lower bounds of Cp,. on the x-axis.

C1,1

f1,1

C1,2

f1,2

C1,.

C2,1

f2,1

C2,2

f2,2

C2,.

C3,.

f3,.

y = F(x)
y = f (x)

x

y

Figure 5.1: A conceptual example of approximating a nonlinear function F with a continuous PWA approximation
f using the MMPS form in (5.1).
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5.4 Theoretical Analysis
The main result of this section is the sensitivity bound in Theorem 5.3. Before, we present
some building blocks about continuity and boundedness of the convexity modulus (cf.
Lemma 5.1, 5.2 and 5.3).
Lemma 5.1. For a convex PWA function fp expressed by (5.2), )ℎ1/)
 is a piecewise constant
function.

Proof. For compactness, let us denote

i = �p(v), j = �p(w), k = �p(
v+w
2 ),

with i, j , k ∈ IQp . For fp expressed by (5.2), the function J in (5.6) can be written as

J (v,w) =
aTp,i−aTp,k

2
v +

aTp,j −aTp,k
2

w+
bp,i+bp,j −2bp,k

2
. (5.11)

The necessary Lagrange conditions for optimality at (v∗,w∗) in (5.5) state that there must
exist � ∈ ℝ that satis�es the following simultaneously:

∇J (v∗,w∗)+�∇(‖v −w‖−
) ||| v=v∗w=w∗
= 0, (5.12a)

‖v∗−w∗‖ = 
. (5.12b)

By calculating the gradient of (5.11), we have that (5.12) becomes

aTp,i−aTp,k
2

+�
v∗−w∗

‖v∗−w∗‖
= 0, (5.13a)

aTp,j −aTp,k
2

+�
w∗−v∗

‖v∗−w∗‖
= 0, (5.13b)

‖v∗−w∗‖ = 
, (5.13c)

which implies the existence of � ∈ ℝ satisfying

aTp,i−aTp,j
2

+2�
v∗−w∗



= 0. (5.14)

Note that )ℎ1 /)
 is equal to )J /)
 , except where the indices i, j , and k change. At such
points, ℎ1 is not di�erentiable with respect to 
 , which does not con�ict with )ℎ1 /)
 being
a piecewise constant function. To �nd the slope of ℎ1 where it exists, the chain rule can be
applied as

)ℎ1
)


=
)J
)v∗ /

)

)v∗

+
)J
)w∗ /

)

)w∗

=
aTp,i−aTp,j

2
‖v∗−w∗‖
v∗−w∗

,

which, considering (5.14), leads to
)ℎ1
)


= −2�, (5.15)

which implies that )ℎ1/)
 is a function of the aTp,i−aTp,j values. �
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Lemma 5.2. For a convex PWA function fp expressed by (5.2), the convexity modulus ℎ1 in
(5.5) is continuous on [0,diam(Cp,.)).

Proof. From Proposition 5.1, we know that ℎ1 is left-continuous on [0,+∞). Seeking a
contradiction, let us assume that ℎ1 is not right-continuous in 
0 ∈ [0,diam(Cp,.)), hence,

lim

→
+0

ℎ1(
) ≠ ℎ1(
0).

The monotonicity property of ℎ1 in Proposition 5.1 requires

lim

→
+0

ℎ1(
) > ℎ1(
0).

Therefore, without loss of generality, we assume there exists a gap �0 > 0 and a point

0 < 
+0 < diam(Cp,.) such that

ℎ1(
+0 ) = ℎ1(
0)+
)ℎ1
)


|||
=
0 (

+0 −
0)+�0. (5.16)

Using (5.5), we de�ne the points v0, w0, and w+0 such that

ℎ1(
0) = inf
v,w∈Cp,.
‖v−w‖=
0

J (v,w) = J (v0,w0),

and ‖v0−w+0 ‖ = 
+0 . Considering the optimality property in (5.5), we have

ℎ1(
+0 ) 6 J (v0,w
+
0 ),

and knowing that J is a continuous function by de�nition, we can deduce

ℎ1(
+0 ) 6 ℎ1(
0)+�(w
+
0 −w0),

where � ∶ Cp,. →ℝ is a function with the following property:

lim
�→0+

�(�) = 0. (5.17)

Substituting (5.16) into (5.17) and taking the limit on both sides when 
+0 approaches 
0
leads to

ℎ1(
0)+�0 6 ℎ1(
0),

which contradicts the fact that �0 > 0. Therefore, ℎ1 is right-continuous on [0,diam(Cp,.)).
�

Proposition 5.2. For a convex PWA function fp expressed by (5.2), we have

ℎ1(
) = 0, ∀
 6 max
q∈IQp

{
diam(Cp,q)

}
.
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Proof. By seeking a contradiction, let us assume that

∃
0 6 max
q∈IQp

{
diam(Cp,q)

}
, such that ℎ1(
0) > 0,

with the corresponding optimal points v∗0 and w∗0 from (5.5) such that

ℎ1(
0) = inf
v,w∈Cp,.
‖v−w‖=
0

J (v,w) = J (v∗0 ,w
∗
0).

Let us select two points, v0 and w0, on the largest subregion in Cp,. such that

‖v0−w0‖ = 
0.

which results in J (v0,w0) = 0. Considering the optimality property in (5.5), we have

J (v∗0 ,w
∗
0) 6 J (v0,w0),

which contradicts the initial assumption that ℎ1(
0) > 0 and ℎ1(
0) = J (v∗0 ,w∗0). �

Lemma 5.3. For a convex PWA function fp expressed by (5.2), the convexity modulus ℎ1 is
bounded by ℎ̂1 6 ℎ1, with

ℎ̂1(
)B

{
0 if 
 < diam(Cp,.)
c1
 + c0 if 
 > diam(Cp,.)

, (5.18)

where

c1 = min
j∈IQp

{
aTp,i−aTp,j

2

}

, (5.19a)

s.t. i = arg max
q∈IQp

diam(Cp,q), (5.19b)

Cp,i ∩Cp,j ≠ ∅, (5.19c)

and c0 = c1 diam(Cp,.).

Proof. This can be directly deduced from Proposition 5.2, considering the continuity of
ℎ1 from Lemma 5.2, the piecewise-constant property of )ℎ1/)
 from Lemma 5.1, and the
increasing property of ℎ1 from Proposition 5.1. �

We are now in the position to state our main result:

Theorem 5.3. Let F ∶D→ℝ be a scalar-valued objective function and let f be a continuous
PWA function as in De�nition 5.1 that approximates F with bounded approximation error
� = f −F . Let fp in (5.2) be the local convex segment of f in its MMPS form (5.1) on the set
Cp,., and let �p ∶ Cp,. →ℝ be the corresponding approximation error bounded by

sup
x∈Cp,.

|�p(x)| = Δp < ∞.
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Let x∗p be any global minimizer of fp and x̂∗p be any global minimizer of F on Cp,.. Then, the
following condition holds:

‖x̂∗p −x
∗
p‖ 6

2Δp
c1

+ max
q∈IQp

{
diam(Cp,q)

}
, (5.20)

where c1 is de�ned in (5.19).

Proof. This can be directly concluded by extending Theorem 5.2 via considering Proposi-
tion 5.2 and Lemma 5.3. �

5.5 Case Study
To showcase the application of Theorem 5.3, we select the 1-dimensional cut of the well-
known Eggholder test function [110] at x2 = 0 given by

F(x) = −47sin(

√
|||
x
2
+47|||)−x sin(

√
|x −47|) .

We approximate F by a continuous PWA function f that we arbitrarily take as

f (x) = min
p∈I5

(fp,.) .

with local convex segments

f1,. = max
q∈I3

(f1,q) , C1,. = [−512,−385], (5.21a)

f2,. = f2,1, C2,. = [−385,−330], (5.21b)
f3,. = max

q∈I3
(f3,q) , C3,. = [−330,−180], (5.21c)

f4,. = max
q∈I3

(f4,q) C4,. = [−180,180], (5.21d)

f5,. = f5,1, C5,. = [180,512]. (5.21e)

Figure 5.2 shows the plots for the nonlinear objective function F and its PWA approximation
f . The subregions Cp,. with p ∈ I5 are illustrated by di�erent colors.

Theorem 5.3 can be used in two ways:

1. guaranteeing bounds on the distance between the regional minima of F and f on
each subregion, given a bound on the approximation error, and

2. �nding the required criteria for the approximation to allow guaranteeing a desired
bound on the distance between these minima, which we refer to as the con�dence
radius.

We discuss each case separately by focusing on the approximation on C3,..



5

56 5 Sensitivity Analysis for PWA Approximations of NLPs

−
38
5

−
33
0

−
18
0

18
0

−400

300
−
51
2

51
2

x

y
C1,.

C2,.

C3,.

C4,.

C5,. x̂∗1

x̂∗2

x̂∗3
x̂∗4

x̂∗5x∗1

x∗2

x∗3
x∗4

x∗5

Nonlinear function F PWA function f
Regional minima of F Regional minima of f

Figure 5.2: Plots of the nonlinear objective function F and its PWA approximation f .

5.5.1 Case 1: Finding the Confidence Radii
Figure 5.3a shows F and two PWA approximations on Cp,. with two approximation errors.
The �rst is f (1)3 , which divides C3,. into 3 subregions with maximum approximation error
Δ(1)3 = 19.9. The second approximation is f (2)3 with 8 a�ne pieces, the maximum error
Δ(2)3 = 2.6. The approximations are given by

f (1)3 (x) = max
⎧⎪⎪
⎨⎪⎪⎩

−7.8x −2365.7
−0.9x −501.2
6.1x +1176.1

⎫⎪⎪
⎬⎪⎪⎭
, f (2)3 (x) = max

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−8.6x −2613.1
−6.8x −2095.6
−4.6x −1477.9
−2.2x −829.8
0.3x −191.6
2.8x +412.5
5.1x +944
6.9x +1348.1

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

The inverses of the corresponding convexity moduli are shown in Fig. 5.3b in the same color
as their corresponding f in Fig. 5.3a, where � is the con�dence radius in De�nition 5.3.

R(2)

R(1)

−315 −180

−250

0

200

x

y
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F

(a) Nonlinear and PWA functions

2Δ

�

39.8

70.0

5.2

44.3

ℎ(1)1
−1

ℎ(2)1
−1

(b) Inverse of the convexity modulus

Figure 5.3: Comparison of two di�erent PWA approximations of the nonlinear function on C3,..

Using Theorem 5.3, the con�dence radius for f (1)3 by is obtained by � (1) = 70, which
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is the same value obtained by �nding ℎ1 and its inverse function using (5.5), which is
presented in Fig. 5.3b. The same process can be performed for the second approximation,
f (2)3 , which gives � (2) = 44.3. Note that Theorem 5.3 is more conservative for larger values
of Δ, compared to directly using the de�nition of ℎ1. For instance, if Δ(2)3 = 12.5, employing
Theorem 5.3 leads to � (2) = 65.7, while the computed con�dence radius using ℎ1 is 58.4.
The areas within the con�dence radii for the PWA approximations are highlighted on the
x-axis in Fig. 5.3a as well.

5.5.2 Case 2: Finding the Approximation Criteria
In this case, we approach the problem from another direction: we select a desired con�dence
radius � (3) and �nd the required criteria for the corresponding approximated function, f (3)3 .
Let the desired � (3) = 15; then,

2Δ(3)3
c1

+ max
q∈IQp

{
diam(C3,q)

}
6 10,

which means the diameter of the largest subregion C3,. must be smaller than 10. Firstly,
given that diam(C3,.) = 150, it can be concluded that the PWA approximation requires
at least 10 partitions. We can then start the approximation by partitioning Cp,. into 15
subregions with the same diameter and �nd the lowest possible error bound Δ(3)3 for the
approximation, which is obtained as 2.83 with c1 = 0.0072. For this approximation, � (3)
already exceeds diam(C3,.).

To improve upon this example, we add another partition to reduce the largest partition
diameter further and this time we do not aim at partitions of C3,. with the same diameter,
but require

max
q∈I16

{diam(C3,q)} 6 10.

We �nd Δ(3)3 = 2.47 with c1 = 1.03 and

max
q∈I16

{diam(C3,q)} = 9.4.

For this values, we obtain � (3) = 14.24. In case this value is acceptable, we can use the
corresponding PWA approximation while ensuring that the minimizer of F on C3,. lies in
a ball or radius 14.24 around the minimizer of f (3). In case a tighter con�dence radius is
desired, the same procedure can be followed by adding more subregions.

5.5.3 Application for NMPC Optimization
To showcase the application of our proposed method in PWA approximation to control
optimization problems, we use an inverted-pendulum NMPC problem as in [93]. Consider-
ing a prediction horizon of Np = 2 and zero initial rotation velocity �̇ at time step k, the
objective function JNMPC can be formulated as a function of the measured pendulum angle
�k , and the control inputs over the horizon uk and uk+1. For instance, for �k = 0 we have

JNMPC(0,uk , uk+1) =
√
(0.02uk +�)2+2�2+0.02

√
u2k +(uk +uk+1)

2+0.01
√
u2k +u

2
k+1.
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Moreover, the feasible region is de�ned as the box constraint |uk+i−1| 6 20N , i ∈ I2 with
diam(C1,.) = 56.4.

We approximate JNMPC by two convex MMPS forms f (1) and f (2) – with P (1) = P (2) = 1
in (5.1) – with di�erent complexities in terms of the number of a�ne functions as

Q(1) = 4, Δ(1) = 0.19, max
q∈I4

{
diam(C(2)1,q)

}
= 28.2,

Q(2) = 24, Δ(2) = 0.01, max
q∈I24

{
diam(C(2)1,q)

}
= 14.6.

The inverse of the convexity modulus and the corresponding con�dence regions for both
approximations are shown in Fig. 5.4. While f (1) has a low approximation error, its
complexity level does not allow to guarantee a con�dence radius lower than the diameter
of the feasible region. However, the more accurate approximation f (2) guarantees a smaller
con�dence radius. Moreover, a general approximation criterion can be obtained, similar
to the Eggholder NLP example, for an NMPC problem. In this case, it can be observed
from (5.20) and Fig. 5.4a that � is lower-bounded by the maximum subregion diameter.
Therefore, if a particular con�dence radius is desired, the approximation problem (5.10) can
be solved while imposing constraints on the diameter of subregions, e.g. an upper bound
on the maximum subregion diameter.

0.02 0.89

14.6
28.3

56.4

2Δ

�

ℎ−11
(1)

ℎ−11
(2)

(a) Con�dence radii

uk

uk+1

(b) Con�dence regions

Figure 5.4: Comparison of two PWA approximations of NMPC.

5.6 Conclusions
This chapter has introduced a novel approach for bounding the minimizers of polytopically-
constrained NLPs with nonlinear continuous objective functions using continuous PWA
function approximations. We have leveraged the continuity of the PWA approximations
resulting from employing an MMPS formalism to construct a locally-convex representation
of the PWA approximation, thus facilitating the derivation of guaranteed bounds on the
distance between the original and the approximated optimal solutions of the NLP by
considering the maximal approximation error. Our approach o�ers a practical tool for
determining criteria to achieve desired solution bounds. The e�ectiveness of the method
has been demonstrated through a case study on the Eggholder function, highlighting the
practical application of the proposed method and its potential impact in optimization and
control.



5.6 Conclusions

5

59

For future work, our primary objective is to conduct an in-depth analysis of the conser-
vatism of our approach and reducing it by re�ning our sensitivity analysis addressing global
minima on the whole domain, as well as extending our method to NLPs with non-convex
constraints. Moreover, we aim at conducting a comprehensive analysis to gain insight into
the impacts of the the improved computational e�ciency through PWA approximation in
light of the corresponding solution bounds. Finally, investigating the e�ects of probabilistic
error bounds would also be an interesting direction to help integrating our approach into
learning-based and data-driven applications.
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6
Design and Numerical

Analysis of Hybridization
Benchmark for NMPC

Science does not aim at establishing immutable truths and eternal dogmas; its aim is to
approach the truth by successive approximations, without claiming that at any stage �nal
and complete accuracy has been achieved.

— Bertrand Russell, Sceptical Essays

Despite the extensive application of nonlinear Model Predictive Control (MPC) in automated
driving, balancing its computational e�ciency with its control performance and constraint
satisfaction remains a challenge in emergency scenarios: in such situations, sub-optimal but
computationally rapid responses are more valuable than optimal responses obtained after long
computations. This chapter introduces a hybridization approach for e�cient approximation
of the nonlinear vehicle dynamics and of its non-convex constraints, e.g., arising during
emergency evasive maneuvers. Hybridization, i.e. , the use of hybrid systems modeling, allows
to reformulate the nonlinear MPC problem as a hybrid MPC problem. Max-Min-Plus-Scaling
(MMPS) hybrid modeling is used to approximate the nonlinear vehicle dynamics. Meanwhile,
di�erent formulations for constraint approximation are presented, and various grid-generation
methods are compared to solve these approximation problems. Among these, two novel grid
types are introduced to structurally include the in�uence of the nonlinear vehicle dynamics on
the grid point distributions in the state domain. Overall, the work presents and compares three
hybrid models and four hybrid constraints for e�cient MPC synthesis and o�ers guidelines for
implementation of the presented hybridization framework in other applications.

This chapter has been submitted to IEEE Transactions on Intelligent Vehicles [85].
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6.1 Introduction
MPC has become increasingly popular in automated driving research over the past few
decades [112]. This is mainly due to its capability to handle constraints and its ability to
adapt to the system by performing controller synthesis in a rolling-horizon optimization-
based manner. However, high computation loads remain a major obstacle towards real-time
implementation of MPC for high levels of automation. In particular, Level 4 and Level 5
of automation de�ned by the Society of Automated Engineers [5] must be able to handle
hazardous scenarios without any intervention from the human driver. Clearly, in such
critical situations, sub-optimal but computationally rapid responses are more valuable than
optimal responses obtained after long computations. Thus, improving the computational
e�ciency of MPC in critical scenarios remains a crucial research challenge.

Several lines of research have been investigated to deal with this challenge: suggested
approaches to increase computational e�ciency include decoupling the lateral and longitu-
dinal vehicle dynamics [113] or using ad-hoc kinematics and dynamics [8]. Partly-related
research lines have looked at how model �delity a�ects the control performance during
critical maneuvers in limits of friction [114] or around drift equilibria [115].

Another line of research has been studying computationally more e�cient solutions
to the nonlinear optimization problem e.g., via new numerical algorithms [84] or o�ine
explicit solutions [116]. Nevertheless, Tavernini et al. [117] demonstrated that the o�ine
explicit MPC approach does not yield signi�cant computational improvements. Adap-
tive weights, adaptive prediction horizon [118] or adaptive sampling times [119] have
also been examined, which can sometimes improve computational e�ciency although
Wurts et al. [10] argue that varying sampling times can increase the computational burden
due to the resulting change in integration points in the prediction horizon.

Switching-based control designs are another line of research for computational ef-
�ciency of MPC, for instance, by switching among di�erent prediction models [120].
Nevertheless, there is often no systematic way to de�ne a good switching strategy, as the
switching can be de�ned in di�erent ways such as switching to a higher-�delity model in
case of uncontrollable error divergence [121], or switching among di�erent drifting/driving
modes [122]. In this sense, a more systematic framework that covers switching-based
design as a special case is hybridization [81]. Hybridization refer to approximating the
control optimization problem using a hybrid systems formulation incorporating both
continuous and discrete dynamics [18]. Hybridization is equivalent to breaking down a
nonlinear possibly complex form into multiple modes with lower complexity, each mode
being valid in a local activation region. By this approach, nonlinearity is traded with the
introduction of discrete dynamics, representing the switching among the di�erent modes
of the system [23].

Hybridization has been used to improve the computational speed in various applica-
tions [33, 35, 41]. In the automated driving literature, di�erent approaches to hybridize
the vehicle dynamics include representing the nonlinear tire forces by a piecewise-a�ne
function [36, 83, 84], using a grid-based linear-parameter-varying approximation [123],
or using a hybrid equivalent state machine [124]. Nevertheless, to the best of our knowl-
edge, hybridization has not yet been incorporated into emergency evasive maneuvers
and/or highly-nonlinear vehicle dynamics. For example, the hybridization in [21] via a
Mixed-Logical-Dynamical (MLD) formalism [26] is only valid at low-speeds where vehicle
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nonlinearity can be neglected and the coupling between lateral and longitudinal vehicle
dynamics is weaker.

Indeed, in addition to the nonlinear vehicle model that enters the MPC problem as
equality constraint, another crucial source of nonlinearity in the control optimization
problem is caused by the physics-based inequality constraints such as handling and tire
force limits that are generally non-convex. The hybridization problem in MPC must
necessarily involve both model and constraint approximations, an aspect that is often
neglected in the literature. Despite some similarities, there are clear distinctions in the two
resulting hybridization problems that must be taken into account.

Among di�erent hybrid modeling frameworks, MMPS systems [24] do not require to
explicitly represent the activation regions, which simpli�es the approximation by signi�cant
reduction of the number of decision variables. For this reason, the MMPS approach is the
one adopted in this work. As its name suggests, MMPS formulation represents a function
using only (and possibly nested) max, min, adding and scaling operators. Kripfganz [91]
showed that any MMPS function can also be equivalently represented by the di�erence of
two convex MMPS functions, which can increase computational tractability.

Physics-based non-convex constraints have been dealt with in di�erent ways. For
instance, [125] considers the convex hull of the non-convex polyhedral constraints and
disregards non-optimal solutions using the binary search tree of [126]. In reachability
analysis, [127] computes an inner-approximation of the feasible region using an outer
approximation of the reachable sets.

Lossless or successive convexi�cation is a common approach to deal with non-convex
constraints, as often considered in real-time trajectory planning [128–130]. However, the
real-time capability of the convexi�cation method is a crucial and non-trivial aspect, since
the non-convex constraints imposed by the environment are changing at each control time
step.

Convexi�cation problem can be solved o�ine only when the constraints are known to be
�xed. In some applications such as path planning in cluttered environments, it is important
to �nd a feasible region for the next control time step, which translates into �nding the
largest convex subset of a given cluttered feasible region [131]. Nevertheless, a generic
o�ine convexi�cation problem can be obtained by approximating a non-convex region by
a union of convex subregions. As de�ning these subregions manually is unpractical [132],
approaches from computational geometry have been proposed. For instance, it has been
shown that convexi�cation is analogous to the NP-hard problem of Approximate Convex
Decomposition [133] with applications to shape analysis [134] or decision region in pattern
recognition [135]. Indeed, the recent advances in this �eld have been tailored more and
more toward the speci�c needs of pattern recognition. For example, more emphasis is
given on shape analysis by concavity matrices [136]: however, in critical automated driving
scenarios, it is rather important to analyze the approximations inaccuracy with respect
to the distance to the non-convex boundary. Existing methods in this sense are mainly
tailored for non-convex polyhedral regions [137], but several physics-based constraints
arising during critical maneuvers are not polyhedral.

In practice, hybridization has rarely been considered for highly complex vehicle models;
e.g., to the best of our knowledge, there are no studies that include hybridization of the
coupled longitudinal and lateral vehicle dynamics. Moreover, controlling evasive maneuvers
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in critical scenarios requires a systematic analysis of the vehicle model complexity and the
resulting computation trade-o�, which has not been conducted as far as we are aware.

In this chapter, we provide a comparison benchmark to analyze and improve the
computational performance of MPC optimization problem for vehicle control in critical
high-velocity scenarios using hybrid formulation of the control optimization problem.
This benchmark is divided in two parts: the �rst part is dedicated to the hybridization
of the MPC via approximating the constraints, i.e., prediction model and physics-based
constraints, whereas the second part investigates the improvements of the resulting hybrid
MPC controller in comparison with the original nonlinear MPC controller.

The current chapter contributes to the state of the art by:

• presenting of a novel hybrid approximation of the system using an MMPS formula-
tion,

• developing a new generalized formalism for constraint approximation problem
including an approach based on a polytopic de�nition of the regions by an MMPS
function, and comparing the resulting approximations with two methods from the
literature,

• introducing two trajectory-based grid generation method for model approximation,

• investigating grid-based numerical solutions of the model and constraint approxima-
tion with respect to the grid behavior, and

• presenting a novel benchmark for evaluating and comparing the computational
e�ciency of various nonlinear MPC controllers.

The chapter is organized as follows: Section 6.2 covers the preliminary de�nitions of
the model and constraint approximation problems. Section 6.3 describes the grid generation
methods, including the novel trajectory-based approach in non-uniform sampling of the
input/state pairs. Section 6.4 de�nes the approximation problems. Section 6.5 presents
the hybridization framework for model and constraint approximation using the generated
grids and the validation results of the said approximation problems. Section 6.6 summarizes
the hybridization framework, �ndings, and outlook for implementation and future work.
The application and analysis of the presented hybridization framework is discussed in
detail in the next chapter.

6.2 Background
Consider a given nonlinear system, either in continuous-time ẋ = F(x,u) or in discrete-time
x+ = F(x,u) where x ∈ ℝn and u ∈ ℝm respectively represent the state and input vectors,
and the domain of F is denoted by (x,u) ∈D ⊆ ℝm+n. In many physics-based applications,
the model F is valid over a region C ⊆ D de�ned by

C B {(x,u) ∈D | 0 6 G(x,u) 6 1},

which collects a set of physics-based constraints. For instance, most typical vehicle models
in the literature are no longer valid if e.g., the vehicle is rolling over. Here we aim at
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approximating both the nonlinear model F and the nonlinear, non-convex set C. Therefore,
we need to hybridize both F and C. Both approximation problems can essentially be
expressed as the minimization of the approximation error over their respective domains.
The approximation error, as well as the domain, are di�erent for each problem, as discussed
hereafter.

Remark 6.1. We use the normalized constraint formulation 0 6 G 6 1 instead of the generic
form G 6 0 to avoid numerical issues in solving the approximation/control optimization
problems.

6.2.1 Model Approximation
The system F is approximated by a hybrid formulation f via solving the nonlinear opti-
mization problem

min
A ∫

C

‖F(x,u)− f (x,u)‖2
‖F(x,u)‖2+�0

d(x,u), (6.1)

where A represents the decision variables used to de�ne f . The positive value �0 > 0 added
to the denominator is to avoid division by very small values for ‖F(x,u)‖2 ≈ 0. Note that
the domain in the model approximation problem is C.

6.2.2 Constraint Approximation
With the nonlinear, non-convex constraints given as 0 6 G(x,u) 6 1, we approximate the
feasible region C by a union of convex subregions R.

This approximation problem can be formulated in two ways: region-based and boundary-
based. In the region-based approach, we minimize the misclassi�cation error via solving
the following optimization problem

min
�


c
V{C ⧵R}

V{C}
+ (1−
c)

V{R⧵C}
V{D⧵C}

, (6.2)

where � represents the decision variables used to de�ne R, the operator V gives the
size or “volume” of the region, and 
c ∈ [0,1] is a tuning parameter to adjust the relative
penalization weight for the misclassi�cation errors regarding inclusion error C ⧵R, i.e.,
failing to cover the feasible region, and the violation error R⧵C which corresponds to
violating the constraints.

In the boundary-based approach, we approximate the boundaryG by a hybrid function g
and minimize the boundary-approximation error similar to (6.1) via solving the optimization
problem

min
� ∫

D

|G(x,u)−g(x,u)|
|G(x,u)|+ �0

d(x,u). (6.3)

with �0 > 0. Note that as G is a scalar function, the 2-norm is replaced by the absolute value
here.
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Remark 6.2. The proposed ideas also apply in case of more inequalities e.g.,

0 6 Gi(x,u) 6 1, for i ∈ {1,2,…,N },

by simply formulating G(x,u) as

G(x,u) = max
i∈{1,2,…,N }

{Gi(x,u)}.

Another possibility is to approximate each Gi independently; however, this may lead to
redundant approximations of boundaries or parts of Gi that do not belong to the overall
boundary feasible region.

6.2.3 Relation to the State-of-the-Art
The nonlinear non-convex constraints arise from the physics-based limitations of the
system. Therefore,

• the physics-based nature of the constraints results in a connected feasible region,

• the highly-nonlinear (boundary of the) constraints limits the analytical investigation
of “attainability” or optimality,

• the approximation approach is intended to be used within a hybridization benchmark,
which means the method should be applicable for systems of higher degree and/or
with high-dimensional feasible regions,

• the constraint violation is evaluated by ensuring that the solution lies within any of
the subregions, which means overlapping subregions are acceptable,

• in light of improving the computational e�ciency, it is desired to have a minimal
approximation of the constraints, i.e., approximating the non-convex feasible region
with a union of fewer number of subregions is desired as well as an accurate coverage
of the whole region, which leads to the need for

• a systematic approach to cover the non-convex feasible region by a union of convex
subregions that allows balancing the violation vs. coverage of the approximation
close to the constraint boundaries.

Considering the aforementioned features, the applicability of state-of-the-art methods
based on convex-hull generation [138] is limited for the current case as input-state spaces
for complex vehicle models exceed four dimensions and a systematic division of the feasible
region is not computationally e�cient in terms of memory usage and speed for our desired
accuracy. To compare our constraint approximation approach, we consider two state-of-the-
art methods that share the most common elements with the aforementioned considerations
in their respective problems.

The �rst method is from [133], where a non-convex region is covered by a number
of ellipsoids. There, an optimization problem is solved to minimize the misclassi�cation
error due to the region approximation where the center and radii of the ellipsoids are the

Attainability of a point means that there exists an input such that the point is obtained by the system dynamics.
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decision variables. We refer to this approach as non-parametric elliptical learning, which is
equivalent to region-based approximation of the constraints by a union of ellipsoids. Our
constraint approximation framework can be seen an extension and generalization of this
approach by investigating boundary-based vs. region-based approximations and polytopic
vs. ellipsoidal de�nition of the subregions.

The second method is from [139], where the gripping limits of the vehicle are approxi-
mated by a convex intersection of second-order cone constraints. There, the constraints are
formulated using the system dynamics and the parameters of the combined formulation
are �tted using experimental data. We refer to this approach as the convex envelope
method, which is equivalent to a boundary-based approximation of the constraints by the
intersection of multiple convex subregion. Since this method approximates the non-convex
feasible region by a convex one, in Section 6.5 we will show its limitation in converging to
an accurate approximation of the constraints in comparison with our proposed framework.

Since analytical closed-form solutions for (6.1)–(6.3) do not exist, we propose solving
them numerically by generating a grid of samples from their regarding domains C and D,
respectively denoted by C∗ and D∗. As the grid generation method in�uences the quality of
the �nal �t, we provide various grid-generation methods for both approximation problems
in the next section and examine the resulting �ts in our results in Section 6.5.

6.3 Grid Generation
We use two main approaches to generate D∗: domain-based and trajectory-based. In the
domain-based approach, both the input and state elements of the grid points are selected
from the input/state domain D, regardless of the system’s behavior. While a domain-based
grid can have a good coverage of D, it does not take into account the “likelihood” of the
points being visited in a simulation with respect to the system dynamics. The trajectory-
based way of generating D∗ tackles this issue by selecting the input elements of the grid
points u∗ from D, while assigning the state elements to the points from an nstep-step-ahead
simulation of F given u∗ as the input. As a result, the obtained D∗ will have a higher density
in regions of D where the input/state pairs have a higher likelihood of being attainable.

Each of these two approaches can be implemented in two ways, giving rise to a total of
four methods to generate D∗:

• Domain-based: [points are directly sampled from D]

– Uniform (D∗
U , also referred to as U grid type): the points are generated by

picking nsamp uniformly-spaced points along each axis in D.

– Random (D∗
R, also referred to as R grid type): a total of nrand points are

randomly selected from D.

• Trajectory-based: [nsim open-loop simulations with nstep steps of F are run using
random inputs from D]

For instance, another approach to solving the aforementioned approximation problem is the Monte Carlo
integration method.
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– Steady-state (D∗
S , also referred to as S grid type): the initial state of each

simulation is selected as the steady-state solution w.r.t. the initial input, i.e., it
is assumed that each simulation starts from a steady state.

– Randomly-initiated (D∗
T , also referred to as T grid type): the initial state

of each simulation is randomly selected from D.

Algorithms 5 and 6 respectively explain the domain-based and trajectory-based grid
generation methods. The total number of grid points for each type denoted by N is

N (D∗
U ) = (nsamp)m+n,

N (D∗
R) = nrand,

N (D∗
S) =N (D∗

T ) = nsim ⋅ nstep.

Algorithm 5 Domain-based grid generation
Require: F , D, nsamp, nrand, type ∈ {‘U’, ’R’}

D∗
type ← {}

if type = ‘U’ then
for k ∈ {1,2,…,m+n} do

Ik ← {} ⊳ Ik B sample set

for i ∈ {0,
1

nsamp−1
,…,1} do

Ik ← Ik ∪ {D(k)min +(D(k)max −D(k)min) ⋅ i}
end for

end for
D∗

U ← I1 ×I2 ×⋯×Im+n ⊳ Cartesian product
else if type = ‘R’ then

for k ∈ {1,2,…,nrand} do
(xk , uk)

random←−−−−−−D
D∗

R ←D∗
R ∪ {(xk , uk)}

end for
end if
return D∗

type
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Algorithm 6 Trajectory-based grid generation
Require: F , Dx , Du, nsim, nstep, type ∈ {‘S’, ’T’}

D∗
type ← {}

for s ∈ {1,2,…,nsim} do
u random←−−−−−−Du ⊳ Du B input domain

x random←−−−−−−Dx ⊳ Dx B state domain
if type = ‘S’ then

x1
solve for x←−−−−−−−− F(x,u1) = 0 ⊳ steady-state solution

end if
for k ∈ {2,3,…,nstep} do

xk ← xk−1+F (xk−1, uk−1)
if (xk , uk) ∉Dx ×Du then

break ⊳ stop current simulation
end if
D∗

type ←D∗
type ∪ {(xk , uk)}

end for
end for
return D∗

type

Domain

Feasible regionDomain-based random
or

trajectory-based grid point

Domain-based
uniform grid point

(a) Grid generation for model approximation

Domain

Feasible region

Boundary region

Boundary grid point

Uniform grid point

(b) Grid generation for constraint approximation

Figure 6.1: A schematic view of di�erent implementations of the proposed grid-generation approaches for model
and constraint approximation.

The grid D∗ plays the role of domain in the approximation problem. Therefore, it
should be tailored to the objective of the problem itself. In this sense, Figure 6.1 shows
a schematic view of the implementation of the proposed grid-generation approaches for
both model and constraint approximation problems.
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For model approximation, the grid should be generated only from C, as the points
outside C are infeasible, which translates to zero likelihood of attainability. Therefore,
while Algorithms 5 and 6 are implemented on D, only the samples from the feasible region
should be kept. Then, the four resulting grids, C∗U , C∗R, C∗S , and C∗T can be used to examine
their e�cacy.

Contrary to the model approximation problem, the points for constraint approximation
should be distributed in the whole domain D to allow examining the approximation error.
In addition, for constraint approximation, the areas close to the boundary of C are of more
interest than the areas with higher likelihood of attainability. Therefore, while trajectory-
based methods are useful for model approximation, to �nd the constraints, we are interested
in using a domain-based grid with a higher density in the neighborhood of G(x,u) = 0.
This grid can be obtained by combining a uniform grid D∗

U with a random grid B∗
R on the

boundary region B where

B B {(x,u) ∈D | |G(x,u)| 6 �b}.

The resulting generated grid is D∗
U ∪B∗

R.

Remark 6.3. To ensure that trajectory-based grids are generated by “realistic” inputs, we
impose a bound constraint on the random inputs as

|u∗(k +1)−u∗(k)| < Δ∗u.

This can also account for the physical limitations of the actuators and be considered to be part
of the physics-based constraints C and it is best selected based on data from real operation of
the system.

Remark 6.4. Depending on the problem characteristics such as the system dynamics, domain,
and the nature of the input/state signals, some points in the generated grids (except for the U
grid type) can be very close to each other. To avoid these points from having larger importance
than other points during approximation, Algorithms 5 and 6 can further be re�ned by keeping
only one point from each set of points that are closer to each other than a user-de�ned distance
threshold.

6.4 Approximation Problem Formulation
6.4.1 Model Approximation
We approximate the nonlinear system F by the MMPS function f with the Kripfganz
form [91] as

f (x,u) = max
p∈{1,2,…,P+}

{
�+p (x,u)

}
− max
q∈{1,2,…,P−}

{
�−q (x,u)

}
, (6.4)

where P+ and P− are user-selected integers, and �+p , and �−q are a�ne functions of x and u,
sometimes referred to as dynamic modes, and expressed as

�+p (x,u) = A
+
px +B

+
pu+H

+
p ,

�−q (x,u) = A
−
q x +B

−
q u+H

−
q .
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We implement the MMPS approximation in the following fashion: each dimension of the
nonlinear function, i.e., each component of F , is approximated independently. Thus, P+
and P−, as well as the a�ne functions �+ and �− are separately found for each component
of F . Therefore, for brevity and without loss of generality, one can assume F to be scalar in
the remaining of this section.

For a �xed pair (P+, P−) that corresponds to the number of a�ne terms in the �rst and
second max operators in (6.4), we solve the nonlinear optimization problem (6.1) subject to
(6.4) to �nd the optimal �+ and �− functions where

A =
{
A+p ,A

−
q ,B

+
p ,B

−
q ,H

+
p ,H

−
q
}
p∈{1,2,…,P+},q∈{1,2,…,P−} . (6.5)

Remark 6.5. To solve the nonlinear optimization problem in (6.1), we generate a grid C∗
of feasible samples from D as expressed in Section 6.3, and minimize the objective function
across C∗.

Remark 6.6. The Kripfganz form essentially expresses the function using P+ ⋅ P− hyperplanes
as there are P+ and P− a�ne functions in each max operator. Therefore, the hinging hyper-
planes representing the local dynamics are obtained by subtraction of the a�ne functions �−
from �+ which means that the optimal A in (6.1) would not be unique.

Considering Remarks 6.5 and 6.6 and to avoid numerical problems, it is convenient to
add a regularization term to (6.1) by penalizing the 1-norm of the decision vector as

min
A ∫

C∗

|F (x,u)− f (x,u)|
|F(x,u)|+ �0

d(x,u)+ 
m‖A‖1, s.t. (6.4), (6.6)

where 
m ∈ ℝ+ serves as a weighting coe�cient to balance the penalization of the 1-norm
of A with respect to the approximation error.

6.4.2 Constraint Approximation

We approximate the feasible region C by either a union of convex polytopes using the MMPS
formalism, or by a union of ellipsoids. Figure 6.2 depicts both approaches to constraint
approximation.
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Figure 6.2: Illustration of MMPS and ellipsoidal approximation of the nonlinear constraints.

In the MMPS approach, a similar formulation to the MMPS model approximation
problem is used: we approximate G by an MMPS function gMMPS of the Kripfganz form in
(6.4) with

�+p (x,u) = C
+
p x +D

+
pu+ I

+
p ,

�−q (x,u) = C
−
q x +D

−
q u+ I

−
q .

The resulting feasible region RMMPS is then expressed as

RMMPS B {(x,u) ∈D | gMMPS(x,u) 6 0}, (6.7)

The MMPS approximation of the feasible region is then obtained via solving either the
region-based (6.2) or the boundary-based (6.3) optimization problems subject to

R =RMMPS,

and
� =

{
C+p ,C

−
q ,D

+
p ,D

−
q , I

+
p , I

−
q
}
p∈{1,2,…,P+},q∈{1,2,…,P−} , (6.8)

where the matrices C, D, and I represent the constraint-approximation counterparts of
matrices A, B, and H in (6.5) and (P+, P−) stand for the respective number of a�ne terms.

The second way is to approximate the feasible region by a union of ne ellipsoids

Re B

{

(x,u) ∈D
|||| (

x −x0e
u−u0e)

T

Qe(
x −x0e
u−u0e)

6 1

}

, (6.9)

with Qe being a positive de�nite matrix and (x0, u0) representing the center coordinates of
the ellipsoid. Note that this notation includes rotated ellipsoids as well. The approximated
region RELLP is

RELLP =
ne
⋃
e=1

Re B {(x,u) ∈D | gELLP(x,u) 6 0}, (6.10)
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whose boundary can be expressed by

gELLP(x,u) = min
e∈{1,2,…,ne}

{

(
x −x0e
u−u0e)

T

Qe(
x −x0e
u−u0e)

−1

}

. (6.11)

The ellipsoidal approximation is found by solving either the region-based (6.2) or the
boundary-based (6.3) optimization problems subject to

R =RELLP,

and
� =

{
(x0e , u0e ), Qe

}
e∈{1,2,…,ne}

. (6.12)

6.5 Model and Constraint Hybridization for Vehi-
cle Control

In this section, the hybridization framework consisting of the model and constraint approx-
imation approaches is implemented on a nonlinear single-track vehicle model with Dugo�
tire forces and varying friction. First, the nonlinear system and physics-based constraints
are described, then the training and validation grids are de�ned, which are next used for
model and constraint approximation problems within the hybridization framework. The
results are then discussed to evaluate the performance of the di�erent approaches and
analyzed for application in other nonlinear problems.

6.5.1 Nonlinear System Descriptions
A single-track representation of the vehicle is shown in Fig. 6.3. With the system variables
and parameters respectively de�ned in Tables 6.1 and 6.2, the nonlinear vehicle model is
described by the following equations [8]:

v̇x =
1
m [Fxf cos� −Fyf sin� +Fxr]+vy r , (6.13)

v̇y =
1
m [Fxf sin� +Fyf cos� +Fyr]−vx r , (6.14)

ṙ =
1
Izz

[Fxf sin� lf+Fyf cos� lf−Fyr lr] , (6.15)

and the lateral forces are given by the Dugo� model

Fya =
C�a
1−�a

f�(�wa )�a,

with a ∈ {f, r} where �a is the varying friction coe�cient, and �wa and f� are the weighting
coe�cient and function, de�ned as

�a = �0(1−ervx
√
�2a +tan2 �a),

�wa =
�aFza(1−�a)

2
√
(C�a�a)2+(C�a tan�a)2

,
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f�(�wa ) =

{
�wa (2−�wa ) �wa < 1
1 �wa ≥ 1

.

αf δ

αr
r = ·ψ

ψ
Fyr

Fxr

Fyf
Fxf

vy

vx

lf
lr L

x

y

vf

vr

YGlobal

XGlobal

CoG

Figure 6.3: Con�guration of the single-track vehicle model.

Table 6.1: System variables

Variable De�nition Unit Bounds
vx Longitudinal velocity m/s [5, 50]
vy Lateral velocity m/s [-10, 10]
 Yaw angle rad –
r Yaw rate rad/s [-0.6, 0.6]
� Steering angle (road) rad [-0.5, 0.5]
Fxf Longitudinal force on the front axis N [-5000, 0]
Fxr Longitudinal force on the rear axis N [-5000, 5000]
Fyf Lateral force on the front axis N –
Fyr Lateral force on the rear axis N –
Fzf Normal load on the front axis N –
Fzr Normal load on the rear axis N –
�f Front slip angle rad –
�r Rear slip angle rad –
�f Front slip ratio – –
�r Rear slip ratio – –
�f Friction coe�cient on the front tire – –
�r Friction coe�cient on the rear tire – –
x State vector B [vx vy r]

T – –
u Input vector B [Fxf Fxr �]

T – –

Table 6.1 also shows the bounds we impose on state and input vectors for grid generation.
The feasible region is de�ned by two other physics-based constraints:

1. the working limits of the vehicle (known as the g-g diagram constraint [8]) should be
satis�ed to allow derivation of the dynamics equation in (6.13) to (6.15); this entails

(v̇x −vy r)
2+(v̇y +vx r)

2
6 (min

a∈{f,r}
{�ag})2, (6.16)
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Table 6.2: System parameters∗

Parameter De�nition Value Unit
m Vehicle mass 1970 kg
Izz Inertia moment about z-axis 3498 kg/m2

lf CoG∗∗ to front axis distance 1.4778 m
lr CoG to rear axis distance 1.4102 m
C�f Front cornering sti�ness 126784 N
C�r Rear cornering sti�ness 213983 N
C�f Front longitudinal sti�ness 315000 N
C�r Rear longitudinal sti�ness 286700 N
�0 Zero-velocity friction 1.076 –
er Friction slope 0.01 –

∗These values correspond to the IPG CarMaker BMW vehicle model
∗∗Center of Gravity

2. the tires can provide forces up to their saturation limit, known as the Kamm circle
constraint [8], which means

F 2xa+F
2
ya 6 (�aFza)

2, a ∈ {f, r}. (6.17)

Therefore, the feasible region C can be expressed as

C B {(x,u) ∈D | (6.16) , (6.17)} .

6.5.2 Grid Definition and Coverage
Table 6.3 shows the grid properties for the model and constraint approximation problems.
For the model, all four U, R, S, and T grid types are used for training and later validated on
a �ner U, R, S, T grid type, respectively, plus C grid type, i.e. a grid that combines all of
them. For the constraint approximation, only one combined grid consisting of the union U
and R grids is used for training and the approximations are validated on a �ner and more
extended combined grid.

For a visual comparison of the grid-point distribution for di�erent types, we have
plotted the coverage of the model approximation training and validation grids in the
velocity domain (vx-vy ) in Fig. 6.4. While the grids have a similar total number of points,
the density of the points among di�erent grid types varies signi�cantly as follows:

1. The domain-based grids cover C with a uniform density compared to the trajectory-
based grids.

2. Compared to its random counterpart, the U grid represents a sparser distribution in
the velocity domain, which stems from the fact that representation of all the possible
combinations of input/state pairs on lower-dimensional sub-spaces of C projects
many points on the exact same location in the viewed plane.

3. Between the trajectory-based grids, the T grid gives a better coverage of C. Contrarily,
the S grid favors the regions of C where the states are attainable from a steady-state
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solution within a bounded number of steps, which explains the high density of points
in low-speed region and the loose coverage of high-speed regions with zero lateral
velocity.

Table 6.3: Properties of the grid used in the approximation problems (training and validation grids)

Training Grids for Model Approximation

Type Domain Properties No. Points Feasible

U C nsamp = 6 ≈ 7,000 100%
R C nrand = 7000 ≈ 7,000 100%
S C nsim = 500, nstep = 1000 ≈ 7,000 100%
T C nsim = 300, nstep = 1000 ≈ 7,000 100%

Validation Grids for Model Approximation

Type Domain Properties No. Points Feasible

U C nsamp = 7 ≈ 21,000 100%
R C nrand = 21,000 ≈ 21,000 100%
S C nsim = 3000, nstep = 1000 ≈ 21,000 100%
T C nsim = 1200, nstep = 1000 ≈ 21,000 100%
C C combining all the above ≈ 84,000 100%

Training Grids for Constraint Approximation

Type Domain Properties No. Points Feasible

U D nsamp = 5 ≈ 15,000 68%
R B nrand = 15,000, �b = 0.1 ≈ 15,000 41%
C D combining all the above ≈ 30,000 55%

Validation Grids for Constraint Approximation

Type Domain Properties No. Points Feasible

U D nsamp = 6 ≈ 47,000 68%
R B nrand = 45,000, �b = 0.2 ≈ 45,000 56%
C D combining all the above ≈ 92,000 62%
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Figure 6.4: Location of training and validation grid points in the vx −vy domain for di�erent grid-generation
approaches in model approximation

The constraint approximation grids in the velocity domain are shown in Fig. 6.5. Besides
generating more grid points in the validation grids, the width �b of its boundary region is
selected twice as large as for the training one, which increases the relative density of the
grid points in the high-speed region as visible in Fig. 6.5. Moreover, both grids have 50-60%
of their points in the feasible region, which is a reasonable ratio for a fair comparison.

Figure 6.5: Location of the training and validation combined grid points in the vx − vy domain for constraint
approximation

6.5.3 Model Approximation Results
Using the four model training grids in Table 6.3, we approximate the dynamics of the three
states independently by Kripfganz MMPS functions with (P+, P−) with P+, P− ∈ {1,2,…8}.
Since the approximated model will eventually be discretized before being incorporated
in the MPC formulation, we already use a discretized form of the dynamics ẋ in (6.13) to
(6.15) for approximation as

x(k +1) = Δx(k)+x(k).

Here, Δx(k) is approximated instead of x(k + 1) for two reasons: �rst, the assumptions
and the approximation procedure remains valid by switching from ẋ to Δx , and second,



































































































































https://youtu.be/UacmQDjQ2vI






















https://web.archive.org/web/20170903105244/https:/www.sae.org/misc/pdfs/automated_driving.pdf
https://web.archive.org/web/20170903105244/https:/www.sae.org/misc/pdfs/automated_driving.pdf


https://hal.archives-ouvertes.fr/hal-03197895





































	Blank Page

